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1. Introduction. ‘There are several ways of generalizing the 
ordinary differential theory of surfaces. The one most extensively 
treated is that which deals with varieties of »—1 dimensions in a 
Euclidean space of n dimensions. A second method is to investigate 
properties of two-dimensional varieties in a space of four or indeed of 
n dimensions.? A third and more general extension of the theory 
would be to study varieties of / dimensions In a space of 7 Gunenmons, 
and under this head a very interesting species can arise > when n = 
2k—1. The recent contributions to this third have dealt with the 
projective differential properties and thus have afforded only a partial 
generalization of the general theory. 

We propose here to study the theory of two-dimensional varieties 
in space of n dimensions and to exhibit the way in which the ordinary 
theory arises through specialization. The generalization in this case 
is not so immediately obvious as in the first case and perhaps throws 
more light on the ordinary theory of surfaces than does that. 


1 See, for instance, Killing, Die Nicht-Euklidischen Raumformen; Bianchi, 
Lezioni di Geometria Differenziale, Vol. I, Chaps. 11, 14; Shaw, Amer. J. 
Math., 36, No. 4, 395-406. 

2K. Kommerell, Die Kriimmung der Zweidimensionalen Gebilde, in ebenen 
Raum von vier Dimensionen, Dissertation, Tiibingen, 1897, 53 pp.; and 
Riemannsche Flichen in ebenen Raum von vier Dimensionen, Math. Ann., 60, 
in which the dissertation is also summarized; EK. KE. Levi, > Saggio sulla Teoria 
delle Superficie a due eo immersi in un Iperspazio, Ann. R. Scu. 
Norm., Pisa, 10, 99 pp.; C. L. E. Moore, Ann. Math. (2) 16, 89-96 (1915). 

3 C. Segre, Su una Classe di Superficie ecc., Att. Torino, 42 (1907), and 
Rend. Cire. Mat., 30, 87-121-(1910); and further developments by Bompi: inl 


and Terracini. 
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2. Methods of attack. When attacking the theory of the two- 
surface in S,, the method of attack is of fundamental importance. 
That followed by Kommerell consists in starting with the finite 
equations of the surface and in trying by geometric intuition to find 
what sort of properties lend themselves most readily to generalization. 
This method has the disadvantage that it is somewhat lacking in 
system, and one is never confident that he is not overlooking things 
that are perhaps the most vital to the subject. Levi starts with the 
finite parametric equations of the surface and determines the invari- 
ants I of orthogonal transformations and the elements J covariant 
under a change of parameters. ‘This is more systematic and safer. 

It seems clear that the safest and most systematic method of attack 
is to discuss the surface entirely from the point of view of the differ- 
ential quadratic form or better of the set of differential quadratic 
forms which define the surface. In following this method we have 
the advantage that Ricci, in his Lezioni sulla Teoria delle Superficie,* 
has pursued more consistently than any one else the same method 
with regard to surfaces in ordinary space. In his work those proper- 
ties which depend on the first fundamental form are first developed, 
and then those which follow from the first and second forms together. 
Now the first fundamental form defines a surface in so far and only 
so far as that surface may one of the infinite class of surfaces applicable 
upon it. Thus the first fundamental form determines a surface as a 


4 Padova, Drucker, 1898 (Lithographed). The contents of this book is as 
follows:— Introduzione: I. Delle equazioni lineari ed omogenee a derivate 
parziali di I. ordine e dei sistemi completi, p. 1. II. Nozioni generali sulle 
forme differenziali quadratiche, p. 36. III. Del calcold differenziale assoluto 
ad n variabili, p. 45. IV. Della classificazione delle forme differenziali quad- 
ratiche positive, p. 73. V. Degli invarianti assoluti comuni ad una forma 
fondamentale ed ai sistemi associati, p. 91. VI. Del calcolo differenziali 
assoluto a due variabili independenti, p. 105. Parte Prima: Della proprieta 
delle superficie considerate come veli flessibili ed inestendibili. I. Dei sistemi di 
coordinate sopra una superficie qualunque, p. 134. II. Generalita sulle con- 
gruenze di linee tracciate sopra una superficie, p. 148. III. Considerazioni 
generali sugli invarianti differenziali ecc., p. 163. IV. Delle congruenze di 
linee geodetiche e di linee parallele, p. 176. V. Fascii e sistemi isotermi, 
e rappresentazioni conformi, p. 202. VI. Sulla integrazione della equazione 
delle congruenze geodetiche, p. 223. VII. Delle congruenze isoterme di 
Liouville, p. 248. Parte Seconda: Teoria delle superficie considerate come dotate 
di forma riqida nello spazio. 1. Equazioni generali della teoria delle superficie, 
p. 270. II. Delle linee di curvatura e delle linee asintotiche, p. 287. ILI. Della 
rappresentazione sferica di Gauss, p. 309. IV. Di aleune classi speciali di 
superficie, p. 322. V. Evolute e superficie di Weingarten, p. 350. VI. Delle 
superficie di secondo grado, p. 366. VII. Della applicabilita delle superficie, 
p. 385. 
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perfectly flexible inextensible membrane. There is no restriction to a 
rigid surface in space and none upon the number of dimensions in 
which the surface may lie; we work entirely on the surface itself. 
Hence all the results which Ricci obtained in Part I of his Lezioni 
are true without any modification of the proofs or the interpretation 
in any number of dimensions. 


3. Quadratic differential forms. When we wish to interpret a 
manifold defined by a binary quadratic differential form as a surface 
in space we have to introduce a set of variables such that 


ds? = Di; a;;da dx; = dy," + dy?” + dy3", LyJ = 1,2; 


and it is the determination of this set of variables which leads to the 
second fundamental form. It is a fundamental proposition in the 
theory of binary quadratic forms that such a form may be written as 
the sum of three squares. Hence for the interpretation of a binary 
differential form as a surface, three dimensions are sufficient. When 
the theory of the ternary differential quadratic form is studied with 
reference to its reduction to a sum of squares, it is found that in general 
six variables are needed. Hence to interpret the theory of the ternary 
form we must in general go to a spread V3 of three dimensions in Sg. 
It is clear from this that the theory of the V3 in Sq does not correspond 
with the theory of any but a very special class of ternary forms. 
Hence from the point of view of the quadratic form the theory of 
surfaces does not generalize very simply. In general for a quadratic 
differential form in & variables the reduction to the sum of squares 
may require k(k—1)/2 variables, and the minimum number of addi- 
tional variables required, above k, is called the class of the form.° 

When in our special case of a binary quadratic form, we wish to 
interpret the form as a surface in S,, we have to determine n variables 
y so that ds? = 2; dy?7, 17= 1, + +, n. The determination is made 
by the properties of systems of partial differential equations, in par- 
ticular complete systems. This has been accomplished by Ricci in 
the general case and his result is stated in a theorem.® 





5 Ricci, Lezioni, Introduction, Chap. 4 

6 Ricci, Lezioni, pp. 90-91. Ricci has also treated the more general question 
of a variety of n dimensions immersed in a variety (not a Euclidean space) of 
n +m dimensions and the transformation of Larsdrrdxs, r, s = 1,..., n, into 
Leurlyudys, u,v =1,..., mn +m. Rend. R. Ace. Lincei, (5) 11, 355-362 
(1902). 
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We shall not make a direct use of that theorem but shall give an 
independent demonstration of the special case in which we are inter- 
ested. For in order properly to understand the statement of this 
theorem it would be necessary to explain the technical language of 
Ricci’s absolute differential calculus, and we consider it better to 
explain this piece by piece as we need it, and to give at length demon- 
strations of theorems which are special cases of his, in order that we 
may make the work less abstract. 
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CHAPTER I. RICCI’S METHOD.’ 


4. Two types of transformations. If by a change of variable, 
ti = 11 (y1, Y2), %e = 22 (Yr, Ye), 


we transform the differential X,dx, + Xoda>. into a new differential 
in the new variables so that 


Ajdx, + NXodato = Yidy + Yodye, 
we find 
- v1 v9 0 Ly} O22 


Y; ant X2 “a4 B= Mist X23 (1) 


and if by the same change of variable we transform the differential 
system 


dx; dx. . dy, _— dys 
xyo™ xo ™ yo ye’ 


7 The lithographed Lezioni already cited is not obtainable either in new or 
second hand copies and is to be found in very few American libraries; it is to 
be had, however, at the Harvard library, the Boston Public library, and the 
library of Washington University (St. Louis). Ricci’s first presentation of 
the essentials of the theory is scattered through a considerable number of 
papers in different Italian journals, particularly journals of the learned socie- 
ties. See, e. g., Rend. R. Acc. Lincet, 6, 112-118 (1889); Studi off. d. Univ. 
Padovana a. Bolognese n. VIII centenario ecc., Vol. III (1888); Atti R. Ist. 
Veneto, (7) 4, 1-29 (1897), Jbid., 5, 648-681 (1894), Ibid., 6, 445-488 (1895); 
Rend. R. Acc. Lincet (5) 4, 232-237 (1895), Ibid., 11, 355-362 (1902). <A 
general sketch of the method is found in Bull. Sci. Math., Paris, (2) 16, 
167-189 (1892) and a very elaborate outline not only of the foundations of the 
theory but of many of its applications is given by Ricci and Levi-Civita in 
Math. Ann. 64, 125-201 (1900). More recently Grossmann, Verallgem. 
Relativitdtstheorie (with Einstein), Teubner, 1913 (from Zs. Math. Physik, 
Vol. 62), mentions a few of the salient features of the method in a modified 
notation. It is however only in the Lezioni that the treatment of the ele- 
mentary parts of the theory is given in comfortable detail. Moreover, the 
Math. Encyc. and the few authors who cite Ricci do so in a manner which 
suggests strongly that his method is practically unknown. These facts are 
offered in justification of our reproducing here material which has previously 
been published. 


Rt 
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we find, on working out the details, 


W1, ye = yw OY 4+ Xe) OY. 
) OX} OX 


. . OY » 
} 13) XO —_ X (2) =: 
OX} Tr Ox: 


We can write the transformation from .Y to Y in the two eases in the 
forms 





P . ap Ole 

Y-=>, Asa ’ (1’) 
yr 

; onin OF ’ 

yr = ae X) a (2°) 


The system 1), X»2 is said to be transformed covariantly. The 
system Y, Y) is said to be transformed contravariantly. Further- 
more if we have any system of X’s which is so defined that the 
transformed system follows the rule (1’), it is called covariant and 
the members of the system are denoted by lower indices; whereas if 
the system follows the rule of transformation (2’), it is called contra- 
variant and the members of the system are denoted by upper indices. 
The system of differentials dz,, dxe, by the formula for the total 
differential, is seen to follow rule (2’) and therefore the system of 
differentials of the independent variables are the members of a contra- 
variant system; but we observe that the indices are lower, in con- 
formity with ordinary practice, and not upper as the rule here would 
require. 

If we were dealing with more than two variables 2), x2, we should 
still find that the transformation of the differential 


Aid, + Xodag +--+ °> +> + Andaz 


led to the rule (1’), where s runs from 1 to n, for changing X’s into 
Y’s; and that the transformation of the system of equations 


dy dats An 
ri) 2) s(n) 


led to the set of equations (2’), where s runs from 1 to n. 
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5. Generalization of vector analysis. If we could follow the 
ideas of Grassmann-Gibbs,® we should consider the sets of quantities 


Xi, 2 * ree a or X(), X), a X( n) 


as components of a vector along the directions dz; or upon the planes 
perpendicular to those directions. It proves, however, to be impossi- 
ble to establish here more than an analogy; for it is actually untrue 
that these elements are such components. 

That the X’s may not generally be interpreted as components of a 
vector is clear from the expression for the differential of work in terms 
of generalized codrdinates, namely, 


AW = Qidqi + Qodqo +. . «+ Qnrddn. 


The set of generalized forces Q; is covariant under a transformation 
of the q’s, but the generalized forces are not the projections of the 
resultant force either upon the directions dq; or upon the planes 
perpendicular thereto in the n-dimensional representative space of the 
q's; for instance, in polar coérdinates in the plane, dW = R dr + rd@, 
where # and 9 (not r@) are the radial and tangential components 
of the force. 

We have therefore to deal not with a generalized vector-analysis 
but with a generalization of vector analysis when we deal with systems 
X, or X‘*), A method of converting such a system into one which 
represents the components of a vector will be mentioned later (note 
17 to § 12). 

So long as we remain in the vicinity of a particular point and deal 
only with differentials of the first order, the transformations (1’) and 
(2) are linear with constant coefficients of the type 


, . ‘. OX 
yy = 2s Cordes Cer = Oy; ’ 
. 0 
YO = ms Vera (8) , Te = : e, 
Ons 


and the first section of our presentation of Ricci’s method will there- 
fore be strictly algebraic theory of the linear transformation. When, 








8 Grassmann, Ausdehnungslehren von 1844 u. 1862, also Gesammelte Werke; 
Gibbs, Scientific Papers, Vol. I1; Gibbs-Wilson, Vector Analysis; Wilson, 
Trans. Conn. Acad. Arts Sci., 14, 1-57, (1908). 
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later, we come to differentiation we shall have to take into account the 
variability of the coefficients of the transformation. 


6. Sets of elements. We deal with sets of elements of different 
orders; thus our system is a generalization of matrical as well as of 
vectorial analysis. The fundamental elements are sets of quantities 
X with m indices, each of which may take all values from 1 to n. 


For example, if n = 2, 

m = 0, pe no index; 
m= |, Ai, A2, one index; 
m = 2. Xu, As, X21, X29, two indices; 
m= 3, Ai; y 1125 X11, y 199, X: 2115 X: 219, X01, y "909, three indices. 


In general there are n” quantities in the system of order m with 1 to n 
as the range for each index. 
These systems of successive orders are analogous to the scalars, 


vectors, dyadics, triadics, . . . . of Gibbs, and to the scalars, 
vectors, open products with 1, 2, . . . openings of Grassmann; 


the matrical analogy would take us to matrices of higher dimensions 
than the usual two. The addition of two systems of the same order 
and the multiplication of a system by a constant are according to 
definitions obviously suggested by the analogies, i. e., the systems are 
linear. 

Multiplication ® of a system of order m into a system of order m’ 
consists in multiplying each element of the first system into each 
element of the second and gives a system of order m+ m’. For 
example, 


(X1, Xe) (Xu, Xi, X22, Xo) = XiXn, XX, X1Xn, XiX2, X2Xu, 
P ¢ oA 125 A oA: 215 A 24 925 


which is a system of order 3 and may be written X;;,, 2, 7, k = 1, 2. 


By following the method of Gibbs ?° we may construct an outer or 
“combinatory ”’ product of two systems of order 1, as 


(X,, Xo, X3) K (Vi, Yo, Y3) = Xe Y3s—X3¥2, X3Y1—X1¥3, 
AX1Yo—Xo¥, 





9 Grossmann calls the multiplication “outer” from analogy with Grass- 
mann’s outer product with which it has little in common; the real analogy 
is with Gibbs’ indeterminate and Grassmann’s open product. 

10 On Multiple Algebra, Scientific Papers, Vol. II, pp. 91-117. 
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for the case n = 3; and for the general case the elements of the pro- 
duct would be X;; = X;Y;—X,Y;, This system of the second order 
is skew symmetric, that is, Y;; = —X,;;, Xj; = 0. We could likewise 
form an “ algebraic”’ product X;; = X;Y; + X;Y¥;, which is sym- 
metric. And in general we could form the combinatory and algebraic 
products of & systems. 

If we wish actually to write the systems as hypercomplex numbers 
with “ units” attached, we have 


X61 + X2€o, 
X61 -+- X 12€1€2 + X21€2€1 + X 220 2€2, 


and so on. The product of these two systems would be similarly 
expressed with the units eee), ei, . . . exactly as the triadic 
which arises from the product of a vector and a dyadic. 

If we wish to consider the units ¢, @2, OF €1€1, €1€2, €2€1, €2@2, etc., 
replaced by the set of independent variables, x1, x2, or X1yi, TiY2, TY 
xeyo, etc., the expressions become 


X12) + X22 25 Xyay1 + X 12212 + XoXo + X 20% 2Y2, 


and so on,— that is, they become linear, bilinear, trilinear, . . ., 
forms. Ricci’s system of the mth order with range 1 to n is therefore 
analogous to an m-linear form in 7 variables. 


7. Transformations of sets of elements. Consider next the 
linear transformation ?4 

X= DjCipyi. (3) 

These equations may be solved by multiplying by the cofactors Cx 

each divided by the determinant | c¢;;|, that is, by yx = Cx/ | ci;|, 
and summing with respect to7z. Then 

~ / 

Ye = Liynte or ys = Dyiiry. (3") 

If w;, v; are variables contragredient to x; and y;, the transformation 


upon the w’s and v’s is 


Vv, = Vjyejuz Or Ui = ViVif;- (4) 





11 We may refer to Bécher’s Introduction to Higher Algebra for the theory of 
linear transformations, linear dependence, cogredient and contragredient 
variables, bilinear forms, square matrices, etc. 
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If the transformation (3) be effected upon the variables of the linear, 
bilinear, . . . .~ ., m-linear forms, there arise new forms in which 
the coefficients are (X;), (X;;), . . ., if we now use Ricci’s nota- 
tion,!* in place of Y;, Y;; used above. The law of transformation 
between the ’s and (X)’s is important and is obtained as follows: 


“~ 


Did et; = TX; cijy; = 2; (SieijXi)y; = T(X;)y;. 
Hence 


If we solve, we have 


- _ , Yr f=} 
Similarly if we take a bilinear form, we find 


DijN rie; = DisXijDecuyreejrmi 
= Dei Di jeune Xj) yer = Diet Xen) yene- 


Hence changing subscripts we have 
(Xi;) = Derceicr;X 1, X ij = Dervyny ju Xx). (6) 


In general for a system of order m, the transformation of the m- 
linear form shows that the transformation of the system follows the 


rule 

(X 5,3. 3s © tel * Be i+ « Hiei ss ss Cintnth bite : + + ihe (7) 
or 

Bédie «. +x Bie + « Sea + +s Dea « + tod TC) 


The results of this article may be written more compactly in matrical 
notation. Let X = (2, .e,...,a,), With a similar meaning for y, be an 
extensive magnitude. Let M be the matrix 


| Cyy Ciy2.. .Cin 


a ee ae a ha oe of 





12 Rieci, Lezioni, p. 49. Although the use of ( ) for the transformed 
quantities appears awkward it is less so than any notation which has occurred 
to us. 
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of the coefficients of (3). Let M-! and Mc be the reciprocal and 
conjugate. Then, 


x= M-y, y= M-'-x, u=veM", v= uM, 


provided the products are defined as usual and the dot is used in the 


sense of Gibbs. The transformations of X and XY into (X) and (XY) 
are 


X-x = X-M-y = (X)-y, (X)= XM, X= (X)-M" 
XY:xé = XY:[M-y M-)] = (XY):yn, 
(XY) = XY:MM, XY = (XY):M-"M-—. 


The double products (containing two dots) are to be interpreted as 
indicating the union of corresponding elements, that is, 


XY:MM = [X-M][Y-M| and XY:x§ = [X-x] [Y-6). 


The expression XY:MM may be written also as Mc-XY¥-M. The 
use of a formal product of the dyad type XY for any system of the 
second order is legitimate because the systems are linear. 


8. Anadjoined quadraticform. Nowif we havea given funda- 
mental quadratic form 


25550572 5Xj, aij = Aji, (8) 


the transformation of the coefficients a;; will be the same as that of the 
elements X;; found above. It is for this reason that we say that the 
system X;; transforms covariantly with a;; or with the given form 
(8); and we shall further say that a system of X’s with any number 
of (lower) indices which transforms according to (7) or (7’) is a covariant 
system. The simplest case, given by (5) or (5’), shows that the covari- 
ant system of order 1 is transformed like the contragredient variables 
in (4). 

If now we have a system, which we may denote by X, instead of 
by X;, which transforms like the cogredient variables, or in an analo- 
gous manner, we call the system contravariant; ° that is if, 





13 Grossmann employs Greek letters with lower indices to designate a contra- 
variant system instead of Ricci’s letters with upper indices. A trial of this 
notation convinces us that however awkward Ricci’s notation appears it is 
more convenient than that of Grossmann; especially in view of the principal 
of duality (§ 9), the lack of correspondence between Greek and Roman letters, 
and the undesirability of immobilizing alphabets in a definite sense. 
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(XO) = TyyiXM, XO = Zyei(X), (9) 
(XCD) = Deryecyij,X™, XC) = Lyrexej(X), (10) 
and 


(X (42 és tm) ) —_ vais ; SaWiutiVidle « « « Vimimad 12 °° Im) (11) 
ys ° a "(7139 . «7 / 
X (492+ + tm) = Ziiis. » « imCi, 7 Cieie: - Ching jm (A (8? ‘), (11 ) 


these systems X with upper indices are contravariant of orders 1, 2, 
and m, respectively. 

An important contravariant system is formed of the elements a;; 
which are the cofactors of the determinant of the quadratic form (8) 
each divided by the determinant of the form. We may prove this as 
follows. Let €;, be 0 or 1 according asj # korj = k. Then, 


Lis jain = € 5K. 
Substitute for a;; from (6). Then 
Dir paVivY iq(Apq) Qik = €;K- 
Multiply by c;, and sum over 7; the expression reduces by virtue of the 


fact that 2jcjy;, is zero unless s = q and unity ifs = qg. (We have 
therefore 


J ig iqCis(Apq) = (dps) (12) 


which is a formula often used for reducing certain double sums to a 
single term.) Hence 


Li pV ip(Aps) Aix = 2 jE jkC jee 


Multiply by (a;;) and sum over s; then p = ¢ alone gives something. 
(We have then 


LVepVip( Ape) (ais) — Te (13) 
which like (12) reduces a double sum to a single term.) Hence 


LD eVittixn = LD je€ jC je(ee)- 
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Multiply by c,,and sum overt. The double sum 2,; on the left reduces 
to the single term a,; by (12), and we have 


Or: = D jet€ jEC jsCrt(Qts)- 
Now j = k alone contributes something. Hence, finally, 
Ark = VstCksCre(Qes)- 
If we compare this with (10), we see that the transformation of the a’s 
is contravariant, and the theorem is proved. We shall therefore in 


conformity with our general notation use upper indices and indeed 
write 


Qi; = at) 

for the cofactor of a;; in (8) divided by the determinant |a;,). 

If X¥° = Y¥®, X@,..., X¥™ be the notation for a contravariant 
system, the results of this article may be written 

(X°) = M"-X", X°=M-(X”), (XY) = M“M-:X°Y’, etc. 
If A be the matrix |/a;;||, and I the idemfactor we have further 

A-A-=I, A= (@):M-“M-, [(4)-M-|]-A-— = I. 

Now if [C:MN]-D = I, then C-[NM:D] = I. For 


[(C:MN]-D = Mc-C-N-D, C-[NM:D] = C-N-D- Mc, 
M.:-C-N-D = g C-N-D = M.—, C-N-D-M- = I 


Hence [((A):M-—M-|-A-' = (A)-[M"M-:A-)] = I 

or (A) = M-“M-:A-, A = MM:(A~*). 

This analysis could, of course, be carried out without the conversion 
of the double products into simple products; the conversion has been 


used because it may seem simpler to those familiar with matrices 
(products with a single opening only). 
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9. Dual systems.'* Consider next the system of the first order 
X = Ya") X,, (15) 


formed of a system X of the first order and the contravariant systems 
of the second order a‘). We shall prove that this system X‘ is 
contravariant of the first order,— which will justify the use of upper 
indices. Carry out the transformation above; then, by (10) and (5), 


(X) = DjaCO(X 5) = LD Lerveryrja eZ pep jX p. 
The sum taken over j requires! = p. Hence by (12), 
(X®) = Deryria®X, = Tey X, 


and the theorem is proved. We thus have, associated with every 
covariant system, a contravariant system relative to the quadratic 
form (8). 

If we proceed in a similar manner for systems of the second order, 
we may construct, 


~/ 


X) = Ya aGXy1. (15°) 


This likewise is seen to be a contravariant system. In general if 
we have a covariant system of order m, we may define a contra- 
variant system of equal order by the equation 


vfs; ° XN * * _ 3 ° ° r ~/ 
Xie... .lm = Miie< + jm Dag’ 222) , , amin X nn---ine (15" 


Moreover this relation is reciprocal; for we may pass back to the 
original system by the formula, 
Xiake «+ + km = Like ++ Im BiakiVeke* * * Umm A 82 °° 1), (16) 


To prove this we have merely to substitute from (15’’) in (16), taking 
. 7 a . 2 r , r 

j =k, i = 1, and use the fact that J; a‘‘?a,;X, = X;. Thus to every 
covariant system of order m corresponds a contravariant system of 








14 Ricci uses the term reciprocal systems in place of dual systems and there 
are advantages in this use; but we have preferred to reserve the term reciprocal 
for sets of systems, thereby following the notation of Gibbs in his vector analy- 
” The term dual suggests itself strongly in connection with a quadratic 

orm. 
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like order and conversely to every contravariant system corresponds 
a covariant system of like order, with the systems occurring in dual 
pairs. In particular the systems a;; and a“ are dual since, 


ahi) = >, aa azz, ay; = Lx 104 4,;0%, 

The results of this section may again be put in matrical form and 
gain in brevity. We set X° = X-A- or X° = A-'-X, it matters 
not which, since A is self conjugate. Then, 


X° = X-At = [(X)-M“]- [MM:(A™)] = (X)-(A“")-Mc= 
M-(X)-(A~’), 


which shows that X° transforms contravariantly. The terms X‘) 
may be treated as a symbolic product X°Y° and the result is that 
XY:A-'A- is contravariant, etc. The dual is obtained by writing 
X= X°-A= A-xX”’. 


10. Composition of systems. If we have any two systems X, 
Y, of order m, one covariant, the other contravariant, we may form 


is Sal . 
I — Jinie e- oon e- inn (1122 tm). (17) 
This system J contains only one element and is invariant. For 


. . va , 7(i172° - tm) — BS... . -. . ; : — 
ili2*- ‘tiltete ‘tet )= ijig + *im—jij2*°* im Yiiji Yioje--- 


Viatalde ie > ++ tn) Atte ++ bRtaie ++ + Cink AO ~ **), 


and this reduces to Lj jo. .-jm(Xijije--- jm) (Y¥%?'°*7™); because 
when summed on 7 the right hand member gives something only when 
k = j, and then gives 1. 

In like manner if we have a system X of order m + p and a contra- 
variant system Y of order m, we may get a system 


. _ a 
Linio- ° -tp — @/91j2++* Im X inie- ° *ipjij2- ° ioe (7122 jm). (18) 
of order p, which is covariant. By a similar definition, 


Zlun--+t) = Dirje- jm nB: - * tpjij2° - "Im)V 5, 50. oe (19) 


We may combine a contravariant system of order m+ p with a 
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covariant system of order m to get a contravariant system of order p. 
The proofs of these facts are as above for the special case when the 
orders are equal. 

The process by which covariant and contravariant systems are 
combined in (17), (18), (19) to obtain a system of order equal to the 
difference of the two orders is called composition.° (In the definition 
we have placed the common indices at the end. We may generalize 
the definition by distributing the indices in any way. Thus (15) 
and (16) may be considered as cases of composition of a system of 
order 2m with one of order m.) 

Composition is very simple in matrical notation. 


X-Y° = X-A"'!-Y¥ = XY:A"! 
is clearly invariant. If proof were needed, we could write 
XY:A-— = [(XY):M~"'M-—]:|MM:(A-)] = (XY):(A-). 


We have simply to take into account what elements the dots actually 
unite in the multiplications. 


11. Mutually reciprocal’® n-tuples. For any covariant sys- 
tem X,, consisting of n functions of the variables x, x2,...%n, and the 
dual system \“) we have found by (15), (16) the relations 


A”) = Z,a"),, Ar = Velrerd?. (20) 


Suppose that we have n systems 1A,, 2A;,. . ., nAr and the corresponding 
dual systems ,A, oA,..., zA”. The n systems ;A, will be called 
independent if the determinant | ;A,| does not vanish. As | dy.| ¥ 0, 
it follows at once that the dual systems are also independent. We 
may define contravariant systems ;\’“) in terms of ;A, by the equations 


§ 0,r #8, (21) 


; , 
9 Ve 





15 Composition is a sort of inverse of multiplication in that the result of 
composition is to subtract the orders of the factors, whereas multiplication 
adds the orders. Composition itself may be regarded as a species of multipli- 
cation in the general sense in which Gibbs used the term, and has close 
analogies with regressive multiplication or with the inner product as defined 
by N. Lewis, Proc. Amer. Acad. Arts Sci., 46, 165-181 (1910), also (with 
W ilson) Ibid., 48, 389-507 (1912), especially § 29, 

16 See note 14. 
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For if s be held fixed and r take the values 1, 2,......, n, there are n 
equations (21) which are linear and non-homogeneous in the 7 varia- 
bles ;\’“), and the equations are consistent because the determinant 
| «A, | of the coefficients does not vanish. If we replace ,;\’“) and ;\, 
by their values from (20) we have 


>>> >> om 


Then 


> ! — 
L pqtMdspDitua*®.5h ApushM™ = Dygt Vagne€rs - 


Now by the reduction formula (13) the left hand side may twice be 
simplified. On the right hand side ¢€,; vanishes unless r = s and the 
double sum reduces to €p~g. Hence 


Died’ pid = Ena: (21’) 


We see therefore that there is a reciprocal relation (21’) to (21) be- 
tween the ;A,, a a iA”), iv’), 

The n systems ;A, may be called a covariant n-tuple; the systems 
i the contravariant n-tuple; these are mutually dual in pairs. 
The set of n systems ,\’) will be called reciprocal to the set ;A” 
and the set ;d’, reciprocal to the set ;A,, We may give a geomet- 
ric analogy in support of this nomenclature. If we have a conic 
and three points P, Q, R, we may obtain the duals, the lines p, gq, r. 
The points, however, determine three lines QR, RP, PQ and of these 
the duals are the points qr, rp, pg. The sets P, Q, R and qr, rp, pq 
are reciprocal; and similarly p, g, r and QR, RP, PQ. Another 
analogy would arise in spherical geometry where ABC and A’B’C’ 
are polar triangles; the sets A, B, C and A’, B’, C’, being reciprocal. 
The use of reciprocal systems in vector analysis is prominent in the 
system of Gibbs, particularly for the solution of equations. If the n 
sets ;A, form an orthogonal n-tuple, the reciprocal sets will be pro- 
portional to them—a unit orthogonal n-tuple is self-reciprocal 
(see infra, §13). 

We may obtain in addition to the defining relations, the following 
between reciprocal n-tuples. 


~ / . Vs ere ; oe 
DieiN gosh; = Ast, 2i-ird (3) AC) = qls4), (22) 


These are proved in the usual fashion. If we compare the relations 
(21) which define the elements ,\’“ in terms of the elements ,A, with 
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the relations 2; ciryis = €s between the elements c;, of any non- 
vanishing determinant | c;,| and the elements yi, obtained by dividing 
the cofactor C;, by the determinant, we see at once that the elements 
id’) are the cofactors of ;d, divided by | ,|, — and similarly from (21’) 
the elements ,\’, are the cofactors of ;A) divided by | A®)|. These 
relations are also reciprocal, i. e., the elements ,A®) and ,\, are respec- 
tively the cofactors of ;\’p and ,A’“ divided by the determinants | ,X’ » | 
and |,A’“)|. Hence by summing the other way, namely upon the 
index r we may get the relations 


LDreidee gh) = E53, LDpegd/p AM = €5;. (22’) 


12. Astandard form for systems. If we have a contravariant 
n-tuple ;\ and any covariant system X, we may form by composition 
the n invariants 

c; = 2,X-.5d™. 


These equations may be solved with the aid of the reciprocal n-tuple. 


For, by (21’), 


/ 4 / Y 
Dily.iA => arid rein gh”) — > r€rs — > a ° 


Hence 
Bea = Dilyeid’s ° (23) 


Any system X, is therefore representable as a linear function of ;)’, 
with invariant coefficients. In like manner 


A) = Dc; ©, c; = T,X ™);r,. (23’) 


In general for systems of any order we may write 
a ; / / 
X Tr17T2°* Tk = Dam 12 ** tk Ci 12 = ipeiy pactay T2 ee. ipA Tk: 
" 90/1 
Ci; 12 ae tk — or T2 °° Tk P rl7T2-+-. rpg AY), igh 2) ees i, Ao*, (23 ) 
and 
, Zia , , , 
X (1 12° Tk) = Dae doe + Cha &  « ipeigA (ri), igh (72), ipA (rk) , 


- a tt? 
Ci i2* + tk = > T2 ++ Tk xX ("1 r Tk): NrgeioArg ee inAre e (23 ) 


Any system of order m is linearly dependent, with invariant coeffi- 
cients, on the product system of the mth order made up of the ’’s. 
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As the )’s thus form a basis for the expression of systems in general 
we may set up readily the progressive product of Grassmann; for 


< 
-< 


| 
| -~? -’ 
. 2 , 2 rT 
= ps ; jc iC | P etc. 


, , | 
iNg jhe] 


r 8 


Y 


r 


a 


~— 
~—— 


8 


In the system of Grassmann the progressive product represents the 
space determined by the elements (a parallelogram in the case of two 
vectors); but the interpretation here is not so direct because the 
systems X, of the first order are not components of a vector,— they 
have to be multiplied by certain factors to obtain components of a 
vector.!” In like manner the terms X,Y, — X,Y, are not components 
of a plane but may be converted into such by proper factors. 


13. Orthogonal unit n-tuples. We may define orthogonality 
relative to a given quadratic form as in non-euclidean geometry. We 
shall now however take the form as differential, namely, as 


ds? = DrQtred 22, . 


Since the elements dz, form a contravariant system (§4) a direction 
in space may be defined by any contravariant system \” if we set 


up the simultaneous differential equations 


dx, — dx. _ dx | _ ditn | (24) 





N(L) d (2) x3) Pry At ot  (n) ’ 


and it is in this way that the contravariant systems used above, and 
previously defined as contravariant systems, are associated with 
special directions. 

If we have two systems ;X"”), ;A“) we define as is customary in differ- 





17 It is shown by Ricci and Levi-Civita (Math. Ann., 60) that if two dual 
systems of the first order X,, X‘) are divided by Va, and ya’, the resulting 
expressions X;/ ¥ d;r, X(")/ ¥ a("") may be regarded respectively as the orthog- 
onal projections of one and the same vector upon the tangents to the coérdi- 
nate lines z, and upon the normals to the coérdinate surfaces; whereas the 
expressions X(") ¥ a;r and X, ya’) represent respectively the components of 
the same vector along the same lines and the same normals. This process 
of rendering a system vectorial might be called vectorization and could be 


extended to vectors of higher order (Stufe). 
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ential or non-euclidean geometry, the angle between the directions 
by the formula 


, a A), jr? 


a —e ————— 9 


VD. reg. AGS) VS arse jh". AM 


coe 





cos 6 = 


where the d’s are proportional to the differentials by (24). The con- 
dition of orthogonality for the two directions ;A”, ;A“ is therefore 


LrsArg-ih™. AS =< Q). 


This may be written ,.;A;.;A°’ = 0, by using the covariant system.!® 
Our results may be simplified by considering the systems ;A”, ;A? 


in (24) as first multiplied by such a factor that the radicals in (25) 


reduce to unity, that is, so that 2,sa;3.;A.4.A% = 1. Such a system 
may be called a unit system. The conditions for a unit orthogonal 
n-tuple are therefore, 

Dee ide jd” — €ij- (26) 


Now if we multiply (26) by ;\’,, sum over 7, and apply (21’) we have 
cA, = ;\’,. and in like manner we should have ;A“” = ;A’™. Hence 
for a unit orthogonal n-tuple the reciprocal and given sets of systems 
are identical. This gives from (21) the relation 


D j-pAr GA“ — Ers ‘ (27) 


in addition to (26) for unit orthogonal n-tuples. The relations (26) 
and (27) are like those connecting the directions cosines of an orthog- 
onal set in ordinary space. We may get from (22) the relations 


Digihr-ids = Gre; Lig AMA) = als) (28) 


14. Transformations of variables. Though the forms in which 
we are interested are differential and the transformations of variable 


arbitrary, 


1 = ri(y ) Yr geeeg Yn)s cow ee 5) Ln = rn(Y1 9 Y2 eet, Yn), 


18 If we compare this condition of perpendicularity with (22’) we see that 
the direction ;\’() is perpendicular to the direction j\ for all values of 7 
except 7 = 7. If we consider all the directions linearly derived from jA”), 
i ~ 7, we find that they determine the (x — 1)-space perpendicular to jx’). 
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the transformation of the differentials is linear;— thus 


se Ox; 








Ox; = 
ay, 03 = 2,cijdy;, i= ay,’ 


7 


dx; = 2; 


with the difference over the algebraic theory that the coefficients c¢;; 
are variable. As the work done to this point does not involve deri- 
vatives of the c’s or in any way depend on their constancy, the whole 
work remains valid. As the particular relations 


a Oz; = OY; 
pte i= — 


Cij 
Ox; 


. dy; 


now hold we may define covariant and contravariant systems of 
order k as those for which 


OYin OYi2  OYix 


Xi t2°++ te = Zi 12° °° Ik (Xin |) iz) ’ (29) 
OX i OX iz OX i; 
r OX 5; OX jo OX jx, / 
(Xi, nee te) = Zane-- ie Xiin- +> ip “ame ee ee (29°) 
OYi9Y jn PYix 
7 _ eae = GaGa Gla 
Xl Be) =D. 5 (XB mw) ————..- -_— (30) 


OY j, OY jo OY x 


(X (4 2: ik) = Dis joes + jp A 1 2° * * IR) OY is OY ia ; OY is . (30’) 
OX 5, OX jo U ix 
If we have a function of the variables, the derivatives f; = dof / dx; 
form a system of the first order. We know that, 


of = Of Oy; _ z, (2) 
dx; 'dy;dx; — ' \da;/ da; 


since 0f/dy; = (0f/dx;) by definition. Hence we see that the first 
derivatives of any function (system of order 0) form a covariant 
system of order 1. 

If we have a general covariant system X; of the first order, the 
derivatives of the elements of the system with respect to the variables, 
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X;; = 0X;/dx;, would form a system of the second order. Let us 
consider the transformation of this system. 


» OX; 7) O(X;) OY xk 
Ay=—=—2 i X ak Vik —— Lp (Xz) — 
j ax; az; bY x ( k) = Zk Vik ax; + 2 ( k) de; 
OAs) OY > (X OV ix 
= > ik X a“ 
oi OY! i t( a Ox; 
~, + 
= Lynvit (Xn) + Ze (Xx) = to (31) 
Axx; 


If it were not for the second term, the transformation would be co- 
variant, but the presence of this term shows that the derivatives of a 
covariant system of the first order do not form a covariant system of 
the second order. 

The same is true for covariant systems of any order,— their deri- 
vatives do not form a covariant system. For instance in the case of a 
covariant system of the second order X,;, by a similar transformation, 








OX 0(x; i) . E 07y; OY; Oy; sus 

_ DoF russ Py es - af 2 X; ! —=* : ) (31’ 
Ox wiitieeiie OYK Bil Xai) Ox,0X,OX; OxX,0X; 02, a) 
where Oy;/Ox, = Yi and 07y;/02,02, = Ori /OXt. 


The fundamental relation dr; = D;c;;dy; may be written in matrical 
notation as dx = dy-V,x. It follows that Mc = V,x. We may also 
write dy = dx*V.y. Hence V.y and V,x are reciprocals. The rela- 
tions (29) and (30) may be written as 


x V:y:(X), XY = V.yV.y:(XY), 
(X) Vyx°X, (XY) V XV, x: XY, 
X° = (X°)°V,x, X°Y° = (X°Y°):V,xV,x, 
(X°) = X°-V.y, (X°V°) = X°YV°:V.yV.-y, 


and so for systems of any order. 
The differentiation of a system of the zeroth order f is accomplished 
as: 
df = d(f), dx°V,f = dy°V,(f), 
dx-V.f = dxV.y*V,(f), Vf = Vzy*(Vf). 








292 WILSON AND MOORE. 


This shows that Vf is covariant of order1. To differentiate a system 
X of order 1 we have t 


dX = V.yed(X) + dV.y+(X) 
dx*VX = V:y*[dx-Vzy°V,(X)] + dx°V.V.y*(X) 
VX = V.yV:y:(VX) + V.V:y*(X). 


15. Solution for the second derivatives.‘® As we are working 
with a fundamental adjoined quadratic form La,,dx,dx,, we regard the 
a,; and their derivatives as known. We may then write 


Sf 


—— O(ai;) | 5 | OY: 0°Y ; 
—— = Sikri 87 V tk a (a ) : Ysi > ; Yri 
OX; ' OY; "1 0rO2, r Ox,0x, ° 








and solve the six equations obtained by permuting 1, s, ¢ for the six 
derivatives 0?y;/0x,0x; as unknowns. We have 
2 BY: f 
; O-Y; Yj | 
b 


\ 


Oa,t 0(a;;) 
= = mij Vri¥tjYsk 
Ov. OY; 


Oa ts < 0 (a;;) - 0°Y; O*y 7 
= ijk VtiVs7Yrk ~> Di; (aij) a | wat iit 
Ox, | 178) Oyr J tj Ox Ox, 8) + O2x,02, 


Yti + 


aij a; ) rt 
+ Pala ott ax,0x, 





Hence 


Oa,; Oa ts OU rs -_ O(a ij) 
+ = wijk | Vri¥ ti Vsk T VtiVsi Vrk — Vri¥siVtk |-. i 
OXs OY. 





Oa, ue OX: 
Oy; 0*y ; 
OX,O2s wa Ox.02, ad 


But as (a;;) = (a;i;) we have, 


‘ O7y; , O*y; 
Di; (ai;) = = Y= Di;(ai;) soe 


Y ti 
Ox,02, Ox,02, 


19 The solution for the second derivatives, though cumbersome, is exceed- 
ingly important for it is through this substitution that the Christoffel symbols 
actually arise (see Christoffel, Gesammelte Werke, or Crelle J. Math., 70, 46.) 
The method followed in so many books, viz., to write down the Christoffel 
symbols without any preliminaries seems decidedly artificial. We may point 
out that when the analysis is carried on tn matrical notation, as below, the 
elimination suggests itself much more readily than when we have so many sub- 
scripts and summation signs to manipulate as in the ordinary derivation. 





S 
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and the last bracket becomes a single term repeated. Moreover the 
first bracket may be changed by interchanging the indices 2, 7, . For, 


(aij). oe (ax) 
= ijk yYritsy tk ~~ 
OYk i ass OY; 





gk Yr vy t7Ysk 


since in either case the summation is over all values of jandk. Hence, 


OArt OAts Ors au O(a) O(ax;) 0(a;;) 
a Ox, Ox; | oe OY; T OY: OUR 





bo | 


07y; 
+ Zij(aij) —— vei 


This somewhat cumbrous form may be simplified by introducing 
the notation of the Christoffel symbols, 


rs 1 | Oa, Oa Ors roar 
= — |— + — —- — |, (32) 
t 2 | Ox; Ox, Ox: 
The above expression then becomes 


sT 1 ] O7y; 
, = DL igkY iV 7Y tk (| = + > ij(a:;j) —— Y tj. 


To complete the solution for the second derivatives, multiply by ¢,; and 
sum over ¢.. Then 


; rs L] 2 07y; 
XC = Lis Vri $j DoF Ait) 7 ae 
eal" iY vi(|')|) + (ain az.de, 


Next multiply by (a@”) and sum over/. Then 


me ae oe i) O° Ym 
Leela) = Lijryriys;(a™”) aoe 
venta”) ayeeVee') 1 7) | + azar, 


and hence finally we have the expression 


07) m . r ry > | y | ‘ 
Y = D 11 (a) P | oe LD iityrie¥sj(a™) (| 4 ) (33) 





OX,02s 
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To differentiate the matrix A of the coefficients a;; and obtain an 
expression for the second derivative we proceed as follows.2° As A is 
self conjugate we may write A symbolically for the analytic work as 
XX. Then as 

A = VyVy:(A), XX = VyVy:(XX). 


If we use subscripts to indicate the variables to which the differentia- 
tions apply, we have 


XX = ViVoyi°(X)yo°(X). 


The symbols yi*(X) and yeo*(X) are scalar, Vi; and VY. extensive 
magnitudes. Now 


VEX = [(ViViVe + VLViIV2 + V V:V2] yie(KX)yo°(X), 





20 Kesh weal in the preface of his Grundlagen der Differential Geometrie 
(1913) lays stress on the necessity of some operation such as his geometric 
differentiation to illuminate the formulas of differential geometry and while 
acknowledging the importance of Ricci’s work, especially the Lezioni, com- 
plains that instead of using geometric derivatives he for the most part uses 
their ‘‘ Coeffizienten System.” A part of this difficulty is obviated by the 
use of the notations of multiple algebra as here employed by us and more of 
it by the large use of vectors that we make later in the work. By the combina- 
tion of these two elements the analysis can be kept measurably simple and 
interpretable. 

When discussing methods in differential geometry we must not omit that of 
Maschke; of which an account may be found in the following articles: 
Maschke, Trans. Amer. Math. Soc., 1, 197-204, Ibid., 4, 445-469, /bid., 7, 
69-80, 81-93: A. W. Smith, Jbid., 7, 33-60; Ingold, Thid.. 11, 449-474. For 
the actual use of the method in the theory of surfaces Smith’s article is by far 
the most important of these references. One may say somewhat epigrammati- 
cally that Maschke’s method contrasts with Ricci’s in much the same way that 
the Clebsch-Aronhold method contrasts with Grassmann’s. The funda- 
mental element in Maschke’s work is a symbolic treatment of the quadratic 
differential form. The reason that we have not used this method is because 
we have a natural preference for the non-symbolic method which is not over- 
borne, for the simple work that we have in hand, by the gain in simplicity of 
operation of the symbolic method. In particular in regard to the present 
question of the solution for the second derivatives and the introduction of the 
Christoffel symbols we may observe that for Maschke’s interpretation of 
fifx: as a Christoffel symbol it is necessary to assume that the symbols fi: 
and fy. are equal. Under this assumption fif,: appears as a Christoffel symbol 
and its appearance in this form may be taken as a justification for considering 
the symbols fy, and fi: as equal (for two of the indices in the Christoffel symbol 
are commutative). A very natural way to arrive at the Christoffel symbols is 
by Shaw’s method (loc. cit., note 1) in which the symbols all have a geometric 
meaning; but unfortunately in order to follow this method we have to regard 
the surface as immersed in a space so that ds? = dredr, and for theoretical 
purposes it is preferable at this stage to remain entirely upon the surface. 





~ cn ep 











SL NE 8 RING aoe og eae 








SURFACES IN HYPERSPACE. 295 
where the symbol V applies to the variables X and (X). Next, 
XVX = [ViViVe + VWVeVe + VV Ve] yi (K)yo*(X) 


may be obtained by interchanging the first and second extensive 
magnitudes. And 


XXV = [VivVeVi + ViVeVe + UiveV] yie(K)y2°(X) 
follows from another interchange. Now 


VEX + XVX — XXV = 2ViViVoyi* (KX) y2*(X) 

+ [VVUiVe + NiV Ve — ViteV]yie(X)y2*(X), 
because VeViVoyie(X)yor(K) and ViVeViyie(KX)yor(K) are the 
same. Thus far V has denoted differentiation by x. But V, = 


Viy°V, = Vy°(V). The terms in the bracket on the right may 
therefore be written 


VViVe2 = Vye(V)ViVeyi2 (KX) yoe(KX) = VyVyVy: (VX), 
and so on; hence 


VXX + XVX — XXV = 2VVy° (XX) -Vyc + VyVy: [(v¥X + XVX 
— XXV)] -Vyc 


or 


2VVy = [VXX+ XVX — XXV]-V,xc°(A-!) + VyVy: 
(VEX + XVX — XXv)]-A-'). 


The elements of this triadic are (compare 33) 








> OY y OArq | IArg 0a, (a'r!) 
2 = > ne — Cin\ a” 
— * Pq QP 
OX,O2'. a On, Ox, Ox, 
~ | O(aqn) O(Apn) (A pq) (nz) 
a —pqn “Squads YrpYsq\a 
| OYp OYa OYr. 


in \ ( ‘ ) . t 
= 2 Z pa¥ pie 1p) ~_ —panYrpy sq a )) 2 
q n |, 
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16. Covariant differentiation of a simple system. Let us 
now substitute from (33) for the second derivatives in (31). Then 


OX; — 0  ¢ - e t j 
Ox; —_ dy1 ¢ 


— LDe( XE) LrsrV ir je(a) id 


or 
d(X;x) 
OY! 


kl 
— (Xt) Lewpvixvj(a™) (| ‘ |): 





OX; , a ) 
——  — ye ( Xx) Zere(a™) 2) = ZKVKYiI 


Aj 


Now the presence of the multipliers yx, yj; on the right makes it 
look as though the left might be a covariant of the second order and 
if we replace (X;) by its value UmXmem, and (a%) by its value 
D pga POY ok aly we find that 


./Y an EOS : ij 


= Led para ' ‘|. 
q 
Hence we have ° 


OX; > ee (Xx kl 
r —ZpqX pa? ' _ Loe Vin 52 | ae —Zep(X;) ca’)( |) . 
Xj q OY; P 





We therefore write, as the covariant derivative of the system X; of 
order 1, the covariant system of order 2, 


X i; = wl — L pqX pala \ i ‘ (34) 

Ox; q 

This system may be written a little more simply by introducing the 
Christoffel symbols of the second kind, 


alr) iH = » . (35) 























eiieiaee 1 
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This is a sort of partial dual of the symbol of the first kind. Then 


S, «wo J ii 
Xij= 2 — 2pXp } Mi — 


: : os 
p 
On; 


The partial derivatives 0X ;/dx; are expressible in terms of the derived 
system Y;; as 


OX; » , 7) Qar 
—— = X;;+2,Xp . ‘e (34") 
OX; ( P 


If now we take the expression VX = VyVy:(VX) + VVy-(X), 
and substitute for VVy, we have 


VX = vyvy:(VX) +3 * | (A+) -Vy+(X) — Avyvy: 


x xX oti 
(| Vv a — 
or 


~1]*% X)aa.y = yyvy:) (vx) —2 (|* *]). 
ex —3 fF ¥)-asx = oyrys{ ox) 4 ([*_%]) 


(A-) +(x) . 


If this be expanded we have, as before, 


OX; | fig , (OX, nm 
a (ap) ¥ = ' P - a 
Ox; Pq q | a Pp Dan VinYon ( O2m Pq (| q \) 
(alo) X , | . 


17. Covariant differentiation of systems of higher order. 
To find the covariant derivative of a system of the second order we 
must substitute from (33) for the second derivatives in (31’) and 
reduce. There are two terms containing second derivatives. We 
have 


: : C2 ; . ° r t 
Dij(X;;) ba a> 2i3(X ii) Vej> piCpi(a”) i 
Ox,02 P 


— Di Xij) Ve patrroVeq(a”) ( ii ) 
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The second term here is 


. y , pq) ) 
D ipgVei¥rp¥ tqmit(X s(as)( ‘s = DiipeVeiVrpVtq( (} } ' ” . ) 


The first term may be written as 


> Y : (mn) r 
—ijuvmnpal4\ uvCuilv jl ply sj “YmiY nl — 
P 


leat” ' _ > ap ane ie ° 
n ) m \ 
Hence 
0° Yi . . rt ‘ - ! Pq 
Zii( X ij) io Zim xX ms — D jpaVei¥rv¥ tq( A wal ) ’ 
axax,*" dm § bm J, 
and in like manner, 
fyi sx [xfs 4 , \f/\pal 
DoF s es 2m X rm ~ Lf rj Ys xX ym ) ' 
vi(X i) > Ox, i m | ipa rep ta(X jm) |] me 
Hence 
ce eS hg Om lig | (36) 
Ox ( m S lm S 


transforms covariantly as of order three. 
We may generalize to the next higher order as 


X rs "he £ =F Zim , : uw Aen « this Aven . 
“4 OXy ie ‘we | m ‘a lm \_ 


and so on. These derivatives of higher order may also be written 
neatly by using matrical notation, but we shall carry that method no 
further. 

A particular case of interest is the successive covariant derivatives of 
afunction F. The first is merely the set X, = 0F/02, as shown above 
(§ 14); the second is 

Y= OF S, OF \ rs ) 
= Ax,02, "Om | m \ 
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In this particular case the system is symmetric, 1,, = X,,, because the 
Christoffel symbols are, as is known, symmetric. Moreover 2! if 
the covariant derivatives X,, of asystem X, form asymmetric system 
Xs = Xzr, then the elements X, of the system, must be the partial 
derivatives of the same function F. 


18. Contravariant differentiation. I[f \“ is a contravariant 
system of order 1, we should call a contravariant set Y'? of order 2. 
which contains the derivatives 0X /dx, and the coefficients a,;, and 
their derivatives, the first contravariant derived set. We may obtain 
this set by considering the dual X*) of the first covariant derivative 
X,; of the set X,, dual to the given set X\. Thus, 


, : . ro i = ON a ~ rs 
Xr) = Ja aeX,, = Z,a™a) | — — lnX m) 
Os mM 
V,(ru) Vy (ru) - o 
= Fale) dal X,. _y oa re \rs } 
—— «ST zi “if —m-«* im 9 
Ons Ons lm \ 
as oY | “) ; : Oalt™ | a rs 
= ma??? oe Serta aq. : a orn A ies 
On’: Ons / m \ 
Now as 2,a,a°™ = €,;, we have 
davt™ Oa,; 
fy lyg —— = — 2 ,a"’ - 
O's On 
Hence 
Y (uv) —_ » > qs) OX . ys » > AX (Vqiru) Od, at te aT’? Y's) rs 
4 ot S a j ad y fa a —) 4 
ON O's = 
But, by (32), 
OU) i s f S , 
—— - (32’) 
Ons t ? 
Hence 
. OX™ oe téed: 
JX (4) = Sq's) : vy xo) (37) 
O's f au \ 


21 See Ricci, Lezionz, p. 70. 
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lor a contravariant system of higher order the process is similar 


and the result is as follows: 


Xuew) = Yalow | ii (x09) a + Xe | 7 ) , (37’/) 


O's 


and similarly in general. 
The partial derivatives of a contravariant set may then be obtained 


by solution. For, 


aX wiht st 
TA“ a,, = ee + 2,X ss , (38) 


On, v 


©. 


Or, 


7 PX (urd . f _ ¢; 
+ a (uvw)a —_ : a De (a (ut) i | 4. Vitr) . (38’) 


19. Properties of covariant differentiation. If we apply (36) 
to the set a,, of the coefficients of the quadratic differential form, we 


find 


Od,. ; rt] st. 
rst — inn Ams + Arm 
l m \ ( mn ; 


| 


OX: 
OU rs rt st 
. “ = 0, 

OX; Ss a 
as follows from (32) and (32). Hence the first covariant derived set 
of a,s vanishes identically. The same may be proved of the first 
contravariant derived set of a‘*); but as the set a"* is the dual of the 
set a-;, no formal proof is necessary. 

The covariant derivatives of a product of covariant factors follows 

the rule of ordinary differentiation. For example, 


(X,Xe)2 = XreXe t+ XrXe; (39) 
since 
a ae ve 48 
(X,Xs)¢= - — 2m be oy t+ x.X—}* | 
OX: m m 


- i Xn} | x.4 ax — 2K} | z.. 
—m Ox m 


Ox: 
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The covariant derivative of the covariant system formed by the 
composition of a contravariant system of order m and a covariant 
system of order m+ p may be written 


— oe did . ,Y(is2* + + Im) 
. imei tz °° * tpjzl72°°* * jp t ' 


v ~ fiir eee jimeA tliz+ ++ tpjijz+:- im’ ae? * + tal, (40) 


| 7 _, me S., 
41129: - -tpt ~~ “4/7172 °° 


- 


There is a dual proposition for the contravariant derivative of a con- 
travariant system formed by composition of a covariant system of 
order p and a contravariant system of order m + p. 

A special case of importance is the differentiation of the invariant 
which arises from the composition when the orders of the covariant 
and contravariant systems are equal. We have, from (40), 


[,= Zinje--- a. judas imts (7122 + + dm) 4. 


mw iris ve jmack jijz-e- im? (2172 “Im3)q ‘ 
If we write for Y (122° -2™s) its value 


Y (2172° * m8) = Siig wb. ira BM (222): + * qlimimg (Vs... ims 
we may sum over the 72’s combining the a’s with the X’s; then, with 
proper change of indices, 


I, _ Bun. se [LX ry ime Y ha?" -+Jm) + X (i132: - ‘Im 5 5. ’ -jmtl ’ (41) 


20. Relative covariant differentiation.— Covariant differentia- 
tion is a process which derives from a covariant set of order m another 
covariant set of order m + 1 containing the derivatives of the elements 
of the first set and certain derivatives of the coefficients of the quad- 
ratic form, namely the Christoffel symbols. We may obtain a co- 
variant set of order m + 1 from one of order m in other ways, without 
the use of Christoffel symbols but with the aid of the functions which 
define an n-tuple and its reciprocal. 

Let us express Y, in terms of the \’s as a basis (§ 12). 


' # = DiC;5-c0'> p Ci = Ds AOOX, ° 
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Now differentiate with respect to x,. Then. 


aX, Oi, Oe, 
<< le +S, — 2. (42) 


“ili 7 


Ons On. Ons 
We next observe that ;\’, is covariant and that 


OC; _ a OY: 
Ons Oy, Oa, 


As ¢; is an invariant, 0c,/dy; is the expression in the new variables 
corresponding to 0c;/0x;. If we introduce the new X’’s, we have 


OC; ., ; Oc; OU, OY, 
DoF, eae id >= Ditu ie (:r'x) aes . 
0 OY: OX; O2, 


Hence the set of terms %;.;\’,0c;/0x,; is covariant of order 2. 
Now, replacing in (42) the invariant c; by =;.;A“X; and transposing, 
we have as a covariant set of order 2, 


OX Oi’, 
; — . : sete p> 4 4 Die A) are pea 43 
O2's ate Ox, ants 


(We may verify directly that X,, is a covariant set of order 2 by 
transforming it.) 
If we had a set of order 2 expressed in terms of the basis, we find 
X ve = Tiki; Nghe, With c7; = DpgX pqid™ AM. 


m5 jC tpt 
Differentiate and transpose, 


3 O:n’, / ww / O;r’s a. C5; A \’ 


> , a _ 
Sw CGF iN eg — DijCij.id r — 1) 


On’; On; Ons 
The right hand member forms (for all different values of r, s, t,) a 
covariant system of order 3; so also must the left hand member. 
If now we replace c;; by its value and if we note that 2;.;A°;, = 
Esq by (21’), we see that 


Xrst = re — DX pedi-sdP) — O(N r) me " 


Xt oF 


— TpXppliid” (43) 


is a covariant system of order 3. And in like manner we could 
form from a system of order m a covariant system of order m + 1. 
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CHAPTER II. THE GENERAL THEORY OF SURFACES. 


21. Normalization of element of arc. In ordinary surface 
theory the second fundamental form may be derived 2? by consider- 
ing a change of variable from the given or first fundamental form, 


g = Lardxdx, to (py) = Udy’, 


where r, s have the range 1, 2, and & the range 1, 2, 3. We shall 
refer to Ricci ** for this development and proceed to the case in which 
we are interested, namely, in which the surface lies not in 3 but in 
n > 3 dimensions. The proof for this case is similar to Ricci’s. We 
shall treat first the simplest assumption, namely, that n = 4, and 
shall mention the generalization to n > 4 for the most part without 
proof. 

To simplify notations we shall use a small amount of vector analysis. 
A set of values of the variables y; may be written simply as y. A sum 
of the form 2,y,2, is then the scalar product yz. The use of vector 
analysis is possible and entirely appropriate when operating as now 
in a Euclidean space of n dimensions. If any question as to the 
legitimacy of the application of Ricci’s rules for the absolute calculus 
arises we may revert at once to the ordinary form of analysis without 
vectors by taking components (supposed to be along fixed orthogonal 
directions) of vector equations and by replacing scalar products by 
sums. 

We have, then, 


l 
pe 
a 


Ledy.” = dy*dy = La,dx,dz, , k .» 43 ea = 1,2, 
by virtue of some transformation 
Ye = Yu(X1, 22) or Y = y(n, 22). 


Now if y, denote the partial derivative of y by z,, 


dyedy = DrsYr* Ysdxdirs , (44) 








22 It is not ordinarily derived in this way. 
23 Lezioni, Part II, Chap. 1. 
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and hence 


Ars = Yr°¥s. (44°) 
Differentiate covariantly by the rule for a composed system (§ 19) 
Arse = O = Yrt*¥s T Yr°Ysi - 
As this relation holds for any r, s, t, we have also 
O= Yert¥s t+ Ye°yrs, OO = Yre*¥e + Yr°Vis- 
As y isa function of 2, 2, the second covariant derivative is commu- 
tative like an ordinary derivative (§ 19), and by addition and sub- 
traction among the three equations we have 
Vit Yrs = O or Yr° Yee = O, (45) 


for all values of r, s, ¢. 


22. Normal vectors. Equations (45) mean that the second 
covariant derivatives y,; are perpendicular to the first derivatives y,. 
As y, lies in the tangent plane and as y,; is perpendicular to y, for 
r= 1, 2, we infer that the vectors y,; lie in the normal plane ** to 
the surface.?2° If z and w are any two unit vectors in the normal 
plane we may write 


Vrs = dys% + CrsW (46) 
with ZZ= wew = l, z-w = 0), (47) 
Z°y, = wry, = 0, (47’) 
Dre = B°Y re; Cre = WY rs - (47’’) 


Here Z, w are particular unit vectors in the normal plane and eon- 
sequently are invariant of the coordinate system, 2, 22; they are, 


24 By the normal plane we mean the plane which is completely perpendicular 
to the tangent plane, that is, such that any line in one is perpe ndicular to every 
line in the other. These planes intersect in only one point. 

25 One great advantage of the covariant derivative is therefore brought to 
light; for the ordinary ‘escondl derivative of y would not lie in the norma! 
plane. 





SURFACES IN HYPERSPACE. 305 


however, functions of 2, 2, namely, invariant functions. The set of 
quantities b,,, c;; are therefore covariant. AS Y;s = Yer We see that 
b,, and ¢;, are also symmetrical sets. 

We may differentiate (47’) to find the derivatives of zand w. Then 


Yrs°Z + Y-°Z, = O, YrseW + yrew,s = 0. 


Hence 
¥,°Zs — = Ses Vr°* Ws = == Ces o 
Also, from (47), 
ges, = 0, ww, = 0, Z°w. + wezZ. = O 
Let 
ZW; = + Ds, W°Zs = — Dg. (48) 


We have then four equations (since r = 1, 2) to solve for Z,; one of 
the equations shows that z, is perpendicular to z and the other three 
give the components of z, along the tangent plane and along w. Now 


on FF am ao W rt _ 
yey, = Ln? Yntr = Vneyny ayn, = Tea? Par, = Erp. 
The solution for Z, may then be written by inspection as 
Z, = — Zypbysy'' — v.W, (49) 


and checked; in like manner, 


"= » pC psy”? + Vd. (49’) 


23. Gauss-Codazzi relations. The third derivatives of y may 
next be found by differentiating (covariantly) the expressions (46). 


Yrst = brstB HE CrstW H+ brsBe t+ CrsWr, 
or 


Yrst = 2[D,s1 a CrsV¢| + W/Crst = b,sV4| ee ZS plb brs + CytCrs|¥?. (90) 
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Now by (36) the general form for a third derivative is 


, aX, tia» ‘t 
A "| i _— ies A ms ) X rm 
OX: | lm (7 m 
—_ bad — > me Ae : dy + jes ‘ew = pare > Xme F tY 
OXON Ons l m \ m \ dx- ( m \ 
ny oe dhe 
Py 
and 
3¢ Y a | 
. = Xu:+2,X>)™ t) 
Ons l Pp \ 
Hence 





, ris we B42 av s} » 
X ng = en eae Tanck rege — aon 
Ox,OX 1 Ox: l m 


y fr sim t)_» x..)" N+ Xin}! t ) | 
j dm m \ 


at 771 a ) 
. mM p } 


and 


Kut — X= —EaXn | 2)" s/o \r f+ Ee(9 Tt? t 











- —S — — 
LS ae ~ agama 


Peenonents 


oe ET nN 











SURFACES IN HYPERSPACE. . d07 


Thus the difference of the two third derivatives of a function is expres- 
sible in terms of the first derivatives X,, and a combination of the 
derivatives of the Christoffel symbols with the symbols themselves. 
This combination is the Riemann symbol 2° {rm, st} of the second 
kind and hence 


Xret — Xrtg = — UmXmi{rm, st} = — D,X™ (ru, st), (51) 
where (ru, st) = Umdmutrm, st! (51’) 


is a Riemann symbol of the first kind. As (ru, st) and (ur, st) differ 
only in sign, we have 


;/ = — Arte — Lua “ (ur, st). (51°") 
From (50) we may obtain y;s: — y,zs and identify with 
Yrst — Vris = Duy (ur, st). (52) 


As the vectors y“ are tangential, the components of Zand w vanish 
in this direction. Hence we obtain the equations, 


brst —_ brts = CrtVs — CrsVt. (53) 
Cret — Cris = — Drgvy — br tVs. (53’) 
(pr, st) _ [(DnsDre —_ b ntbrs) + (CosCre = CptCre) |. (53””) 


24. Extension ton > 4. Thus far the four dimensional case has 
been treated. The generalization is simple. Instead of two inde- 
pendent normals Zz, w, we have n — 2 normals 2, 2,...,Zn-2 and 
may write 


Yrs = 10731 + obsZo + cee + n-20reBn-2 > (54) 
Zi°*Zj = €ij, Zi°y, = O, = l, 2,...,5n— 2. (55) 


If we differentiate, we have 


Zijs°Zj + ZieZjs = 0, Birt Ys + ZitYrs = O, 


26 Pascal, Repertorio (Italian), Vol. II, p. 850, except for a typographical 
error. 
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If 2 ¥ 7, we set ’ 


Zi°Zijs = Vijis, Bj°Ziis = — Vijis = Viils; (56) 


and 
arse = Drs - (56’) 


We can then obtain by the same process as before, 


am— 2 f ‘-— 

Drst a Drts —_ Mie ( brs jaye — jOrtY ji\s)5 (D4 ) 

4 LL Y 4 (wre f 
(pr, st) = 2 j=} (ne. Dre — ib pt-re)- (D4 


Moreover we may obtain by a somewhat detailed analysis in the case 


n = 4,5,... a relation involving the second derivatives of v as 
Vie — Ver = Lpq (Vnr€gs — DpsCqr) a, n = 4, (58) 
Viilre — Viiler T Vint (Vise Vuils — Vij\s Vir) 
= Lyq'?® (ib pr.jbqs — Ops Par)). (58’) 


In the case of a binary (first) fundamental form ¢ = La,,dx,dr,, 
the Riemann symbol (pr, st) reduces to a single one, namely (12, 12), 
and we may write 


(12, 12) = aG, (59) 


where G is an invariant, (G) = G, called the Gaussian invariant or 
Gaussian curvature. Ifn = 4 equation (53”’) may be written 


lb} + lel] = aG, (59’) 


| ! i 

and in higher dimensions we have, from (57’), 
% y // 
>:|b| = aG, (59"") 
where |b!, | ¢|, | | are the determinants formed of the terms ),;, 


Cre, rs. In case n = 3 we have simply | b | = aG. 


25. The Vector Second Form. In three dimensions we 
construct a form, 
Y = 2),4242;,; 
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from the symmetric system b,, and call it the second fundamental 
form of the surface, defined by the first form ¢ as one of a class of ap- 
plicables, and thus we have the surface defined by ¢ and y as a rigid 
surface. In higher dimensions we construct n — 2 forms ¥, Y2,..., 
Yn_2 (two, when n = 4) from the n — 2 symmetric systems ;b,, and this 
set of m — 2 forms are the second fundamental forms. The different 
forms are not, however, entirely determined because with a different 
choice of the unit vectors 2, Z2,..., Zn-2 in the normal (n — 2)-space, 
there is a change in the quantities ,b,,. The set of forms y; taken 
with ¢ and the generalized Gauss-Codazzi relations (57), (57’), (58), 
(58’) will determine the surface as a rigid surface in n-dimensions.?” 
We shall not, however, enter into a proof of this proposition which is 
adequately treated by Ricci and not important for our work. 

It has been stated that the systems ;b,, are not entirely determined. 
The relations between different systems may be illustrated in the case 
n=4. Wehad y,, = b,.% + c¢,.w, that is, b,, and c,, are respectively 
the components of y,,; along z and along w. If a new choice 2’, w’ 
were made, the quantities b’,,, c’,; would be the components of y;,s 
along 2’, w’. Hence the relations b’,,, c’,; and b;s, Cr; are those which 
express a rotation, namely, 


b,, = b’,cos8@ — c’,.8in8, Cre = b’,.sind + c’,.cos6. 


In general if n> 4, the relations between ;b;, and ;b’,, must be those 
which determine an orthogonal transformation in the normal (n — 2)- 
space, since ;b,, and ;b’,, are merely the components of y;, along two 
different systems of orthogonal lines in that space. This amount 
and only this amount of indetermination is involved in our set of 
second fundamental forms y;. 


27 The generalization of the Gauss-Codazzi equations to hypersurfaces (for 
which the element of arc is a quadratic form of class 1) has bee n obtained by a 
number of authors, including Ricci, and do not contain the v’s which by Ricci’s 
development (Lezioni, Introduction, Chap. 4) are necessary In case the class 
of the surface is greater than one. Levi (loc. cit., note 2) develops the theory 
of surfaces in a very different way. For him the element of arc is apparently 
not a particularly fundamental form but merely one of a set of fundamental 
forms. That is to say where we, following Ricci, have a first fundamental 
form (which is scalar) and a second fundamental form (60) which is vectorial, 
both quadratic, Levi has an infinite set of (u + v)-linear forms Fy» (u, v = 
1, 2,...) of which the first, Fy;, is ds?. He shows that the problem of finding 
the absolute invariants reduces to that of finding the simultaneous invariants 
of the forms Fy, and he finds five special invariants Ai (¢ = 1,..., 5) which 
form a complete system of independent invariants. Our analysis leads us 
very naturally to five invariants which are equivalent to Levi's (see note 39). 
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Instead of carrying n — 2 second fundamental forms y; we shall 
combine them into a single vector second fundamental form 


Y= Ziv +- Zoo re + Zn-Wn-2 = Lyrsdx,dx, (60) 


in the normal (n — 2)-space. If the vector form is regarded as given, 
the surface may be regarded as not fixed relative to arbitrary axes in 
space; only the shape of the surface is determined. 


26. Canonical orthogonal curve systems.*® We have defined 
a set of curves on a surface by the differential equations obtained by 
equating the ratios dz,: \°(§13; here r = 1,2). The quantities \” 
are the contravariant system defining the curves; the dual system 4, 
is a covariant system which may also be regarded as defining the curves. 
We have defined perpendicularity and hence orthogonal systems of 
curves. If we give the definition 


da 
Afr) = rit 61 
ds eee} 


we have a special system \) which satisfies the relation 
SAA” = 1, (61’) 


and we shall here assume this system. The orthogonal curves defined 
by \” or A, will satisfy the relation 


TAM, = TAA” = 0. (62) 
If we impose the further condition 
TAA” = 1, (62") 


we have a set of relations which will determine \ or \, except for 
sign (the arbitrariness of sign corresponds to the two opposite direc- 
tions along the curve). For from (62) \® = (-1)'#pd,41, it being 
understood that all even values of the index are equivalent and all 
odd values also equivalent. Then from (62’), 


Ler V ays =l1= Dref?(—1)"+*Apa1A9410re - 





28 Ricci, Lezioni, p. 106, and Atti. R. Ist. Veneto, (7) 4, 1-29 (1893). 
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Now qir+i,s+l) = (-]1)"+*q,,/a. 
Hence 1/p° _ AX rsNr41N9y10" tH +h) _ AD Api) = a, 
and p = 1/ Wa. 


Hence the system \”) is 
x” —_ (—1)"**X,41/ Va. 
Further we see easily that 


Ne = (-1)"#! Vanr+), (63) 


The system \ or \, is called the canonical orthogonal system for 
\” or A,. The repetition of the process of forming the canonical sys- 
tem leads to the negative of the original system (not to the system 
itself). For 


Ae = (-1)"**#! Va AC) = (-1)? Vad,/ Va = — X,. 


If we have a given system \ and let ¢, be the covariant system 
obtained by the composition 


Oe = Der" Ves, (64) 

we have by solution, as may easily be verified, 
Ave = AePs- (64’) 
Also Ys = — ZAM, Ars= — ArWs- (64"") 


Thus by the introduction of yg, the system \,, of order two is written 
as the product \,¢, of two systems of the first order and at the same 
time \,;s appears as the product —A,g,. The system ¢, is called the 
derived system from the 2’s. 


27. Expressions of the second forms. If we consider a cova- 
riant system b,,; we may form the three invariants, 


a = ZA X""0,,. 
B Dred (r)) (3)... (63) 
p= LeeWN OVD, = DrsdNMA“D,,. 
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The solution for the b’s gives at once, 
bys = adpAst W(ArAs + ApAs) + BArAs. (65’) 
The determinant of the b’s is then 
1b | = ad,b,b) = al(aB — p?). (65’) 
If we are working with several systems ;b,, we have for each a set of 


invariants a;, B;,u; formed from (65). The second fundamental 
forms are therefore 


Vy: _ Drs idyAs + MilArAs + Nz) + Bid A s|dx,dxs. (66) 


The vector fundamental form is 


W = SylQd,Ny + P(AAs + A,As) + BA,A,] dz,dz, (67) 
where qa = Da;Zi, = DZ MiBi, B = ZBsZs, (67’) 


i running from 1 to n—2. The vectors 4, B, # are invariant vectors in 
the normal (n—2)-space. From (65’), (67’) we have immediately, 


Vrs = ANAy + M(ArAs + ArAs) + BA,As. (68) 

Then from (65’’) and (59’’) we have, 
G = D,(ai8; — w2) = a-B — p’. (69) 
Hence the result: The Gaussian invariant G is the scalar product of 


the vector invariants @ and B diminished by the square of the vector 
invariant |e. 


28. Moving rectangular axes. The elements y, or yn,, h = 
1, 2,...,, are tangent to the surface. If we form 


§=TAYy, = TA"), N= TAy, = TA", (70) 


we have two vectors tangent to the surface. Moreover these are: 
1°, unit vectors; 2°, mutually perpendicular; 3°, tangent respectively 
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to the curves \) and to their orthogonal trajectories \™. To prove’ 
1° and 2° we note that 


EE = F,AMNy,-y, = TaAMAC a, = TAMA, = 1, 


and similar equations hold. For 3° observe that 


t A 
Os Ox; Os 


<i 


— 


dy, being the differential along the curves \”. 

In case of four dimensions we shall use 6, @ (to correspond with &, 
1) in place of z, was the unit normal vectors — in higher dimensions 
Z1, Z,...Zn—». We have therefore such relations as (47) or (55). The 
systems En, C, o or €, 9, z;, i = 1, 2,..., n—2, are therefore systems 
of moving axes in which §, 1) move along definite orthogonal trajec- 
tories upon the surface. 

The rate of change of the unit vectors §, 1 are, by covariant differ- 
entiation of (70), 


E = Leh Fre - LeNrey . 
From (68), (61’), (62), 


ST A“y,s, = De [AAAsAS) + BALA, + AAAS + BAA AM] 
= ad, + PA, = Li(aiwir, + wiZid,), 
LArsy*) = DA.¢-¥") = oN. 
Hence 
€. = ad, + PA, + Ne, 
N. = BA, + BX, — §e,. 


The rates of change of the normals are found from the relations 
(55), (56), (56’). 


(71) 


Z:°y, = 0, Zis° Vr + Zit Yre = O, 
Z:3°¥r = — Drs and Zis*Zj = Vijils- 


These e uations rive the components of Ziis along the surface and 
| 
along the normals. Hence, 


Zijr — = Lebrey” + & iV jiyr Zj ; 
cael De[asdrAs + MilA,As + ArAs) + BidAsly + SV jr Z, 
or ar = — E(aid, + Mid,) ine N(uir, + B:X,) + D jV jilr Zj. (72) 
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If in four dimensions we use 6, ®, b,., cs to avoid subscripts, we have 


4 —-_—— Lebey? + v,@ 
= — (ad, + mdr) + H(mr, + Bid,) + ¥,0, (72") 
-— LeCrsy — yb 


— (ard, + wodr) + Nor, + Berr) — v-h. 


@, 


It is important to observe that the theory of the 2-surface in four 
or more dimensions is not the same as the theory of the moving axes: 
for the 2, or »—2 normals, to the surface are to a large extent indeter- 
minate so far as the surface itself is concerned. It is the set of quan- 
tities vy which render the normal system definite and upon which the 
rate of change of the normal vectors depends as in the above equations. 
The theory of the set of moving axes is a step further than the theory 
of the surface and as far as the surface alone is concerned we may 
disregard the v’s so long as we do not need to differentiate the normals. 
In this respect there is the same difference between surface theory 
and the theory of moving axes (of which two are tangent to the surface) 
as between the theory of a twisted curve in three dimensions and the 
theory of moving axes of which only one is tangent to the curve. 
If the differential theory of a curve is treated from the point of view 
of the quadratic form (in one variable), the v which must be intro- 
duced in the case of a twisted curve in three dimensions is related to 
the radius of torsion. In the curve theory the set of axes is rendered 
definite by assuming that the normal axes are along the principal 
normal and binormal and if we desire to keep moving axes in our theory 
of surfaces it will be desirable to specialize the normal axes in some 
such way as in the case of curves in three dimensions. 


29. Tangent plane and normal space. ‘Two elements which 
have strictly to do with the surface alone are the tangent plane and 
the normal plane or (n—2)-space. Following the notation of Gibbs 
(for the outer product) we may write the unit tangent plane and its 
differential as 


M= 69, dM = d&xn + §xdn. (73) 
The unit normal space is, 


N= Cxw or N = 2)*ZX.. .XZ,_9 . (73’) 
dN = dtxw + txda or AN = dZ\X%XZ3Xx.. .XZn-2 + ete. 


a. 


ng aE ~~ mage 


EEE REEREEE Een 


Pm 


‘ 
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~~ 
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In terms of the notation introduced above we have, from (71), 
dé = »,6.dr, = ad,-A,dx, + PD,A,-dx, + NY,¢,dzr, , 
dy = >,N,.dx, = p>r,A, dx, + BS,A,dxr, — §S,¢,dx, . 
Hence 


dM = axy>dd, dx, + pxqrr,dxr, — px€DA,dx, — BxEDX,dz,. (74) 
Now dy=Sy,dr,, E=DA%y,, N= DAMy,. 
The last two equations may be solved by inspection as 


y-=§&,+M,, 


dy = €Dy,dx, + NED, der, (74’) 
Hence 
dyxdM = &xaxn>),dx,Dd,dx, + Expxndr,dx,Dr,dx, 
— yxpxEdr,dxr,D\,dxr, — 1x«BxED)\,dx,>X,dz, 
= — &xnx{ad,,d,d,dx,dx, + mapa 
+ pd .c(A-As + ApAs)d2,-d2,} 
or dyxdM = — MXx2,.,y,,.dr,dx, = — Mv. (75) 


This expression may be solved for Y by multiplying by M. Thus,?® 
M:(dyxdM) = — M-(M~vW). (75’) 


29 We shall use as a definition of the inner product that due to G. N. Lewis 
(loc. cit., note 15) which has the advantage over the inner product of Grass- 
mann that it is commutative. The interpretation of the inner product of 
au p-dimensional parallelepiped and a q-dimensional parallelepiped where 
q > pis a (q — p)-dimensional parallelepiped in the q-space perpendicular to 
the p-space. The rules of operation with inner products have been developed 
for a non-Euclidean case by Wilson and Lewis (loc. cit., note 15) and the rules 
for the Euclidean case are not different except for an occasional change of 
sign. As the product is distributive the rules may all be verified on or derived 
from products of unit vectors. (lor the transformation used in the text at 
this point see Wilson and Lewis, p. 439). One of the most important rules is 
that represented by such expansions as, 


(mxn) + (pxqxr) = (pxqxr)*(mxn) = 
(mxn)+(qxr)p + (mxn)-(rp)q + (mx«n)* (pxq)r 


The general rule is to take from the larger factor as many of its factors as there 
are factors in the smaller factor to form with them a scalar product, taking all 
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But C-(bxA) = (C-A)b + (b-°C)-A, 
Here, M-dM=0 and M-¥=0. Hence 
(dy*-M)-dM = — VW. (76) 


The vector dy*M is a l-vector in M perpendicular to dy and 
(dy*M)+dM is a 1-vector in dM perpendicular to dy-M. 

The expressions (75’) or (76) hold of course in three dimensions as 
the work by which they were obtained is independent of the number 
of dimensions, greater than two. In ordinary surface theory we have 


WV = Y,sb,dx,dx, = — Tadyndt, = — dy-db, 


where ¢, are the direction cosines of the normal 6. If we multiply 
this by § to make a vector form we have 


me CD..sbsda,da, = — C(dy+do) = — d+ (€xdy). 


The form is expressed in terms of the normal and its differential instead 
of in terms of the tangent plane and its differential. We may make 
the change by taking complements,°?° 


[dG -(¢xdy)|* — [d€x(€xdy)*]* = — [d€x(dy-M)]* = (dy*>M) «dM. 


We have therefore arrived at a formula WV = — (dy>M)+dM for the 
(vector) second fundamental form which is the immediate generalization 
of the formula in three dimensions. 

If we desire to express the second fundamental form in terms of the 
normal (7—2)-space N instead of in terms of M we can do so. 


ee $$$ 


possible combinations and adding with due regard to sign. For the case in 
which the two factors are of equal order we have 


m-p np 


aay mq nq 


These rules for obvious reasons are similar to those for regressive or mixed 
products and the rule quoted at this point in the text is like Miiller’s theorems 
(see Whitehead, Universal Algebra, p. 192). The complement, denoted by *, 
which is used below is similar to Grassmann’s 3 supplement, except possibly for 
sign. 

30 See Wilson and Lewis (loc. cit., note 15), p. 435. 
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30. Square of element of surface. Consider dM-dM which is 
numerically equal to dN-dN. 


dM:dM = [axn),dx, + PxQDA,dr, — pxE>d, dz, BxE>),da,]*. 
Now (ax))+(axn) = a-anen — (a-n)? = a’, 


(xn) +(PxN) = ep,  (axy)-(pxE) = 0, ete. 
dM:dM = @7>),),dx,dr, + WEIA-A.dx,dxr, + WTA,A, dx,-dx, 
+ BDA,rA,dx,dx, + 2a-prr,A,dx,dx, + 2B-prr,A,d2,dx,. 


By (69) we have p? = a-B — G. Hence 


dM-dM = — G[>),A.dx,dx, + d,Asdx,da5| + a+ Bl>),A,dx,-dirs 
+ d,A,da,d2x,] 


+ a-adnd,d,da,dx, + B-BEX,\,dzx,dx, 
+ (ap + Bep)[Sr,r,dz,dx, + Dd,A,dx,dx,]. 


Now d,s may be expressed in terms of the X’s as b,, was expressed in 


(65’). Then, 
ays = CiA;As + C(AyA5 + AAs) + C3A yA . 


When the invariants ¢, ¢, ¢; are determined by means of (65) we find 
c= 1, ce = 0, cs = 1. Hence 


Ars = NrAs + ArAs. (77) 


dM-dM = — GYa,.dx,dx, + (a + B)-[ad),d,dz,dx, + p> (ArAs 
+ d,A,)da,dx, + BEA,A,.d2x,dx,], 


or 


dM-dM = — Go+ (a+ B)-w. (78) 


Hence: The square of the differential of the tangent plane is equal to 
the scalar product of the vector invariant a+ B and the vector second 
fundamental form WV less the product of the Gaussian invariant G and 
the first fundamental form ¢. 

This relation holds also in three dimensions: but in this case a + B 
and W are generally regarded as scalar quantities, dM+-dM is replaced 
by the square of the differential of the normal,— and, furthermore, 
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this quantity is interpreted as the differential of are of the Gaussian 
spherical representation of the surface. No spherical representation 
of the same simple sort as obtained in three dimensions exists for higher 
dimensions, though (78) is common to all dimensions.*+ 


31. Geodesics.°? The shortest lines on a surface are determined 
by means of the first fundamental form alone and might properly 


have been treated before. We shall however take them up at this 
point. ‘To minimize 


s = St [Ss sda-dr,]* 
we follow the ordinary procedure of variation: 
y os 
Os — > -s6Arsdt,Axs 2S -s0,s0d2',d2, 
1. d4@;s dx 
= { . > — da,dx 6X: — 0 Org : Ox, 
J ids Ov; ds 


Now by (61) and A, = Z,a,sA°, 





. . O4,, dd 
63 = fa Lee —- AMA Sx, — 2D, — ba, 

‘ Ox: ds 

By (34) 
am,  ,drydy_ « i . « rs , drs 
— ms — : — po =o 20D r Pq ei 

qi yi 
ds Ox; ds ds q ds 


Ss 


= DdyO + Saqh ” |AOC), 
4 


Hence the condition 6s = 0 gives, when we set ¢ for r in the second 
term and r for g in the third sum, 


31 To have a spherical representation which will generalize we should mark 
on the unit sphere the great circle which is the trace upon the sphere of the 
diametral plane parallel to the tangent plane of the surface instead of the point 
which is the trace of the normal. This representation would therefore be the 
polar of the ordinary spherical representation. 

32 In this section we merely follow Ricci’s Leziont. 


aed 


nd 


SURFACES IN HYPERSPACE. 319 


Oa, J ts 
Bic — ROAM — ZEA AO — Z., AMA) = O. 
Ox r 


The first and last terms cancel and hence the condition for a geodesic 
in the notation of the covariant derivatives is 


Verzed") = O. (79) 
In terms of the system ¢; derived from the )’s the condition is, by (64’), 
LAr") =O or Lyd = 0. (79’) 


The quantity 2y,\“ is an invariant which vanishes when \X is a 
system of geodesics. - 


32. Curvature; Interpretation ofa and y. The moving axis 
E is tangent to the curves \. The curvature of these curves is d&/ds 
and from (71) takes the form 


‘ = >, = = DM) = aDrAAM + PTAA” + HLA”. 
as as 


Hence 


res (SO) 
ds 


y = 2¢,r"”, (S1) 


where y is the invariant which vanishes (as has been seen) for geo- 
desics. The curvature of a surface curve therefore has two components 
one normal to the surface and equal to the vector invariant @, one in the 
surface perpendicular to X and of magnitude y. We have therefore an 
interpretation of the vector invariant @, namely, the component of 
the curvature perpendicular to the surface. We have also an inter- 
pretation of y as the tangential component of the curvature. <A geo- 
desic being a curve which has no tangential component of curvature, 
the curvature of a geodesic is wholly normal to the surface, 1. e., the 
osculating plane of the geodesic is normal to the surface, no matter what 
the number of dimensions in which the surface lies. We may conse- 
quently say that: the vector @ is the curvature of the geodesic which is 
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tangent to the curve d, since @ depends only on the direction of the 
tangent \” as shown by (65). 

If a curve vs projected on a plane (or any plane space) passing through 
a tangent line to the curve, the curvature of the projection at the point of 
tangency is equal to the projection of the curvature of the given curve at 
that point. ‘To see this note first that the elements of are on the given 
curve (ds) and the projected curve (ds’) differ at the point of contact 
by infinitesimals higher than the second because their ratios involve 
the cosine of a small angle. The elements ds and ds’ are therefore 
equivalent for first and second derivatives. The projection of a 
vector ron a space S; represented by a unit vector §, is 


r’ = (— ])*-! (r°§,.)° S).. 
Then, 


2a! | ‘de . | 
ce = . : = (—]1)*-! ( 2") °S. = (—1)*"'(e°S;)°S;. 
ds"? ds? 


We could in like manner show that if we project a curve on a plane 
space through the osculating plane of the curve, the torsion of the 
projection is equal to projection of the torsion at that point: and so on. 
We have c= a+ yh. If we project the curve \ on the tangent 
plane to the surface, we have for the curvature of the projection, 


c’ = — (e*M)-M = — [(a + 7)-(&*m)]- (En) 
= — 7-(6xn) = Yn. 
Hence the curvature of the projection upon the tangent plane is y 
in magnitude. The invariant y is therefore the curvature of the 


projection of the curve upon the tangent plane,— this is called the 
geodesic curvature (which must be clearly distinguished from the 





curvature of the geodesic tangent to the curve). 
If we project on a normal plane determined by § and any normal n 
we have 


e! = — [(a + yn)-(Gxn)]- (En) = (@-n)-n. 


Hence the curvature of the projection is the component of @ along n. 
If n had coincided with @ in direction, the curvature of the projection 
would have been 4. 

Consider now a section of the surface by a normal space S,_; of 
n — 1 dimensions containing the tangent line § and the normal space 
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N,,2. The geodesic tangent to » has for curvature @, as has been 
seen, and hence its osculating plane §<q lies in S,_;. The geodesic 
has therefore three consecutive points in S,_;, 1. e., to infinitesimals 
of the third order the geodesic coincides with the normal section and 
hence the curvature of the geodesic and of the normal section are equal. 
Consequently: we may interpret @ as the curvature of the normal section 
of the surface. So far as curvature is concerned we may replace the 
normal section by the geodesic. 

Now ¢ = 4+ yis the curvature of any section (for the curve on the 
surface and the section of the surface by a space S,_; containing the 
osculating plane of the curve are exchangeable as far as curvature is 
concerned) and the projection of ¢ = @ + yon the normal is @ itself. 
Hence we have Meusnier’s theorem that: The projection of the curvature 
of any section on the normal section is the curvature of the normal section. 
(Meusnier’s theorem may be found in various degrees of generalization 
in the literature, e. g., in Levi’s long article cited in note 2). 

Ase =a-+ yt, c? = a’?+ y2 and hence: The magnitude of the curva- 
ture of a section is the square root of the sum of the squares of the normal 
and geodesic curvatures. 


33. Interpretation of B andp. If we treat djas we treated d& 
we find 


— = pb — 7. (82) 


Now 1, is a normal to the curve \ lying in the surface and dt/ds is 
the rate of change of this surface normal. If we consider the geo- 
desic tangent to \ we have y = 0, and hence: The vector & (which is 
perpendicular to the surface) may be interpreted as the rate of change of 
the surface-normal to a geodesic. In three dimensions the surface 
normal is the binormal of the geodesic (with the proper convention as 
to sign) and hence in three dimensions uy is the torsion of the geodesic 
tangent to A. In higher dimensions this interpretation is no longer 
valid because the osculating three space of the geodesic need not 
contain the tangent plane M. 
We may next form 


2 = = D5) = p+ Wed”, 


dé ‘a F 02, 


/_—— a 
ds ds 
d _. ax ; , ; 

u = ye — = orn A — B ~— ES oA), 
ds ds 
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by which we denote the rate of change of Ey with respect to the are 
upon the orthogonal trajectories \, of X,. 

Now the derived system ¢, for \, is related to the derived system ¢, 
for \, by the relation 


as may be seen from (63) and (64). Let 


y= Ted”) = — De,d), (83) 


Then y is the geodesic curvature of the normal trajectories X. 


d - / — 
: =p—ym, “= B+ 46. (84) 


ds 


By reasoning like that previously used we note that: The vector B 
is the normal curvature of the orthogonal trajectories of \. Moreover, 
as the relation of 1 to § is the same as that of —§ to 9 we may interpret 
as the rate of change of the surface-normal to the geodesic tangent 
to \ changed in sign, that 1s, the rate of change of the surface-normals 
tangent to normal geodesics are equal and opposite (vectors). This 
corresponds to the theorem in three dimensions that the geodesic tor- 
sions in perpendicular directions are equal and opposite. In three 
dimensions, where y is scalar the inference is immediate that there 
are a pair of orthogonal directions for which the geodesic torsion 
is zero — the lines of curvature. But in the general case # is a vector 
and may change sign without passing through zero, and we cannot 
affirm the existence of directions for which the rate of change of the 


surface-normal vanishes. 
34. The mean curvature. From (68) we get, 


> al"s)y,., _ ad rv” - ud (AAW? + dA”) ao BSAA, 


mrs 


or 


Dre") Yrs = @ +- B. (S85) 


This equation from its form on the right appears to depend on \, 
but from the form on the left is seen to be independent of A. Hence: 
The vector @ + B is an invariant normal vector associated with a point of 
the surface — it is a special and particularly important normal selected 
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from all possible normals. As @ is the curvature of one section and B 
of the orthogonal section, we have the result that: The sum of the 
normal curvatures in two orthogonal directions is independent of the 
directions. The sum a+ B will be written as 2h, where h is called the 


mean (vector) curvature? 

Since a + B is constant and the vector a — B is the other diagonal of 
the parallelogram on @ and B, the vector a — B must pass through a 
fixed point on the mean curvature vector (namely, the extremity of 
that vector) and the termini of @ and B must describe a central curve 


about that point. 
If we introduce a new pair of orthogonal directions \’ making an 
angle 6 with A, we have 
\’, = d,cos? + X,sind, \’. = A,cos?d — X;sind, 
whence cos? = DAMN, sind = LAMY’, 
dh, = N,cosé — N’,sind, A, = N,sind + N’,cos8, (S6. 
AM) = N’Meoséd — A’Msind, A”) = NMsind + A’Meos. 


Now from (65) we have, in vector form, 


a= TAM AMy,,, B= T.AMAY,,, (87) 
[ — SrA POA Y,, = = DraN' WY, : 


If we substitute for the \’s in terms of the \”’s we get the relations 
between a, B, p and a’, B’, p’ for different directions in the surface. 


Thus 


a’cos’@ — 2p’sind cosé + B’ sin’6 
B’cos’?@ + 2p’sinOcosé + a’sin’é (SS) 
.’(cos’?@ — sin’?@) + (a’ + B’)sinécos8, 


B 
U. 


33 By mean curvature we designate the half sum of the curvatures a and 8B. 
This is a true mean. In three dimensional surface theory the mean curvature 
often if not generally stands for the sum of the curvatures (See Eisenhart, 
Differential Geometry, page 123; KE. E. Levi, loc. cit., page 69). We may 
quote as Levi does a theorem of Killing: the sum of the squares of the mean 
curvatures of the n — 2 three dimensional surfaces obtained by projecting an 
n-dimensional surface on n — 2 mutually perpendicular three spaces passing 
through the tangent plane, is constant. That is, is independent of the n — 2 
normals selected to determine the three-spaces. The value of this invariant 
is (2h)?. The theorem is of course merely the scalar form of our relation (67’). 
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or 


‘= acos’?@ + 2psinOcosé + Bsin’6, 
= Bcos?@ — 2psinécosé + asin’6, (SS 
' = p(cos’?@ — sin’@) — (a — B)sinOcosé. 


Fwme 
| 


Hence if we write 


1(a + B) and 6 = 3(a — B), 
a’ = h-+ psin26 + 5c0s29, 
‘= h — psin20 — 8c0s29, (S9) 
w’ = pcos2¢ — Ssin2¢, 
8’ = bc0s24 + psin2¢. 


h 


I 


35. The indicatrix. From equations (89) we infer that: As 6 
changes, the extremity of @’ describes an ellipse of which » and 6 ar 
conjugate radii and of which the center is given by h; the extremity of B 
describes the same ellipse at the opposite end of the diameter from a; 
and »’, laid off from the center of the ellipse, describes the same ellipse, 
each position of p»’ being conjugate to the line joining a’ and B’ and 
advanced by the excentric angle x/2 from a’ toward B’. (The p» that 
goes with the orthogonal trajectories is clearly — » as previously 
proved ). 

The conic, which we thus get, lying in the normal space, may be called 
the INDICATRIX. In four dimensions the whole figure including @ and B 
lies in a plane, namely the 
normal plane; in_ higher 
dimensions the figure will 
not generally lhe in a 
plane, the ellipse with the 
lines a’ and B’ forming a 
conical surface lying in a 
normal three space. Vo 
matter how many dimen- 
sions a surface may lie in, 
the properties of normal 
curvature at any particular 
point may be described in 
a 3-space; for such prop- 
erties surfaces in more than 
C five dimensions need not be 
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The relation (69), that is, a»B — p2 = G, may be interpreted on 
our indicatrix. For 


a-B = h? — 8, h? — (6? + p’) = G. (90) 


Now the sum 8? + p2 of the squares of two conjugate radii of an 
ellipse is constant and equal to a? + 6°, the sum of the squares of the 
semi-axes. Hence: The Gaussian invariant G is the difference of the 
square of the mean curvature and the sum of the squares of the semi-axes 
of the indicatrix.** 


36. Minimal surfaces.°°> The vector element of area of a sur- 
face may be written as 


Pdixidxve = = < oy dajdito. 


On} A i) 


= 


To find the condition for a minimal surface we write 


= | [ (P-P)drdes =e | | — dx dxe. 
e e e e (P-Pp)} 


If M is the unit tangent plane as heretofore, the condition becomes 


0 = [f/f 5P>Mdxdx, 
Ooy Y Oy Ooy . Oy ; 


6P = - : - 
Ov} OX One OX; 


We have to integrate two terms by parts, one of which is 


Ody _. Oy { f a /dy 
—-«Mdridx, = — by X —|— -M) dad, 
JS Sx OX2 — Je , Ox; \O2X2 anni 


omitting the integrated term which vanishes at the limits; we have 


then 


© 


/-_ (8 /a 9 /a 
| | éby X we (= ‘M) _ be ( y M) dajdxo = 0. 
J OX) ane | Ove \OX, | 





34 This oni is stated by Levi, loc. cit., p. 71. 
35 For special developments on minimum surfaces see Levi, loc. cit., p. 90. 
Eisenhart, Amer. J. Math., 34, 215-236 (1912), where re ferences to earlier work 


will be found. 
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As éy is arbitrary we infer that the condition for a minimal surface is 
0 (oy 0 /O0y 
— ‘M) — — -M } = 0. 
OX; OX» O02 OX} / 
The equation further simplifies to 


Ovo OX, Ov, OXe 


dy ; OM dy OM -( 


We may use (74) and (74’) to modify the results to 


(Ed. + NA2)* (axMAr, + XNA, — Px, — BxEd1) 
— (Ed, + HAj)+(axmr. + pxNA. — pxEd. — BxEd.) = O. 


When we multiply the equation out we find 
(a + B) (Aide — Ai A2) = (). 


The term A;A, — AjAg cannot vanish because it is equal to — Va 
as may readily be shown from the defining relations of \ and X; 


Ay Ae — Ai Ae — Va. (91) 


Hence the condition for a minimal surface is a+ B=0. Thus: 
In any number of dimensions the condition for a minimal surface is that 
the mean curvature shall vanish at each point of the surface.2® This is 
the immediate generalization of the condition in three dimensions. 

By reference to (78) we see that for a minimal surface, dM-dM = 
— Gds*. This relation in three dimensions is interpreted as showing 
that the spherical representation of a minimal surface is conformal: 
for dM-dM = dn-dn, n being a unit normal, and dn-dn is the 
differential of arc in the spherical representation. In higher dimen- 
sions we can merely say that: The magnitude of dM/ds is the same 
for all directions through a point on a minimal surface. 


37. The intersection of consecutive normals. Let N be the 
unit normal space of n — 2 dimensions at any point of the surface, and 
r a vector from that point. The equation of the normal space is 





36 This result has been stated by Levi, loc. cit. 
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rxN=0. If dr = &ds is an infinitesimal displacement along the 
surface and N + dN the normal at its extremity, the equation of the 
adjacent normal space becomes 


(r —dr)x(N+dN)=0 or rxdN — drxN = 0. 


The intersection of the two normal spaces is determined by the 
simultaneous equations 


dN 


~— §&N = 0. 
ds g 


rxN=0, rx 


If we take complements we may write these equations 


/ | 
reM=0, r+" —£.M = 0. (92) 
as 


The first equation merely states that r is perpendicular to M and we 
shall therefore consider only such values of r in the second equation. 


From (73), (80), (82), we have, 


r-(a + y)xm + §(H — 8) — §- (En) = 0, 


or r-(axy + &p) + 1 = 0, 
—rean+ reps = — 1. 
Hence reae=i1, rep = 0. (92°) 
Special Cases. Consider first the case n = 4. Here the indicatrix 


is a conic in a plane through the surface-point 0. The vector @ runs 
from O to a point of this conic. If we lay off from O the radius of 
curvature instead of the curvature itself, we get a point Q which is 
the inverse of P with respect to 0. The locus of Q is therefore a 
bicircular quartic. If we draw through Q a line perpendicular to @, 
we have a line for which rea = 1; and the point where this line cuts 
the perpendicular from O upon #, or upon the tangent to the indicatrix 
at P, is a point P’ which is the common solution of (92’) and which 
therefore is the point of intersection of the normal plane N with the 
adjacent normal plane in the direction §. 

If we consider the triangles OPM and OQP’ we see that OM-OP’ = 
OQ-OP = 1. Hence P’ and M are inverse points. But the locus 
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of M is the pedal of the indicatrix and hence we have the theorem: 
The inverse of the pedal of the indicatrix is the locus of points where con- 
secutive normal planes 
about a point intersect the 
normal plane at the point.3" 

Consider next the case 
n= 5. Here the indica- 
trix is a conic which may 
or may not lie in a plane 
through 0. In the latter 
special case the reasoning 
before holds except for the 
fact that the solution for r 
in (92’) isno longer a point, 
but a line through that 
point perpendicular to the 
plane of the conic. The 
locus of intersection of 
consecutive normal spaces 
is therefore a right cylin- 
der of which the directrix 
is the conic which is the inverse of the pedal of the indicatrix. This 
is merely a direct extension of the case previously treated. 

The general case. If the indicatrix does not lie in a plane with O, 
and if we lay off along @ the distance equal to the radius of curvature, 
instead of equal to the curvature, we get a point Q which lies both 
on the cone determined by O as vertex and the indicatrix as directrix 
and on the sphere through O which is the inverse of the plane of the 
indicatrix. The locus of Q is therefore a sphero-conic. The plane 
r-a = 1 passes through the point @ and is perpendicular to @; it 
therefore passes through the point O’ of the sphere diametrically 
opposite to O, this point O’ being also the inverse of the foot F of the 
perpendicular OF from O upon the plane of the indicatrix. 

Now re} = 0 is the plane through O perpendicular to #, and hence 
perpendicular to the plane of the indicatrix, and hence finally r+». = 0 
is a plane through the line OF. The intersection of r>-#@ = Oandr-a 
= | is therefore a line through O’ perpendicular alike to # and @, and 
consequently perpendicular to the plane tangent to the cone (described 
by @) through the element @ (since » is parallel to the tangent to the 
indicatrix at the extremity of @). 





O 
EF 


IGURE 2. 


37 IkKommerell, loc. cit. 
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Cones I and II. We may now state that: The locus of intersection 
of consecutive normal spaces Nz generate a cone (thus all the consecutive 
normal spaces pass through a point). This cone is a quadric cone. For 
if reb-'er = 0, where ®~! is a self conjugate dyadic, be the equation 
ot the cone described by @, which we shall call Cone I, the normal to 
the tangent plane is determinable from the equation r-®-'+dr = 0 
and r-®-!'=norr= ®@-n. Hence the locus of n is ne@en = O, 
the reciprocal cone to Cone I. This reciprocal cone we shall call 
Cone II; its vertex is at O’, not at O. As the Cones I and I are recip- 
rocal, we can infer not only that the normals to the tangent planes to I 
generate Il but that reciprocally the normals to the tangent planes to II 
generate 1. The special case previously treated where OQ lies in the 
plane of the indicatrix falls under the general case because O’ has 
retreated to infinity and consequently Cone II becomes a eylinder. 

In case n > 5 we may, if we desire, restrict ourselves to the normal 
space N3 in which the indicatrix lies. We shall then have precisely 
the relations just proved for the case n = 5. But when n > 5 the 
equations (92’) have additional solutions in the rest of the total normal 
space .V,_2. external to the particular V3. The adjacent normal spaces 
NV ,-2 intersect in a space Ny_4 which is perpendicular to N3 and contains 
in Nz an element in Cone II, 


38. The fundamental dyadic ®. The forms of ® and ®~ which 
determine Cones II and I may be found in the general case as follows. 
Let h’, p’, 8’ be the reciprocal set to h, », and 5, and consider 


® = c(hh — pp — 65), @2 = e-l(h’h’ — pe’ pn! — 6’5’), 
where ¢ is any constant. The vectors h + 4 lie on r-@-!+r = 0. But 
(h + 5)-(h’h’ — p’p’ — 88’)-(h + 8) = 0. 


Moreover the expression # + 58 is invariant of the system \as may 
be seen from (89) where the accents denote new values of and 6 not 
the reciprocal set as here. As h is independent of A, the diadics ® 
and ®-! are independent of \ and any value of h + 4 will satisfy 
r-P-'-r = 0. The expression written down for ® is therefore correct. 

The dyadic ® may be expressed directly and simply in terms of the 
vector coefficients of the form VW. Consider the dyadic Q which is 
the discriminant matrix of VW, namely, 

Yu Yi 


,= = YuY22 — Yi12¥21 - (93) 
Y2i1 Ye 


r et 
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As Yuyor ¥ Yeyi this dyadic is not self conjugate. 


Q = far? + 2rA, + BAZ] [ar2 + 2rAdrA2 + BA. 
— [@Air2 + P(AIA2 + AoA) + BALAL?? 
= [—PE(AA2 — Adi) + ABAAL — Barir, 
+ (Qf — Pa) Arre + (BB — BH)AA2](AiAZ — AzAi). 


The first term is self-conjugate and the last two are anti-self-conjugate. 


[3(@B + Ba) — pp](Aid2 — Aod1)? 
[hh — pp — 58)q, 


#(Q + Qe) 


by (91). We find therefore that: The selfconjugate part of the vector 
matrix Q is the dyadic ® which defines Cone I1, with the multiplier 
c=a. We shall use for ® the value 


® = [hh — pp — 58]a, Cone II, (94) 
including the multiplier a; and for ®-", 
@-! = [h’h’ — p’p’ — 5'6’Ja-",_ Cone I. (94’) 


The value of the scalar invariant Qs of the dyadic Q and of the self- 
conjugate part of Qarethesame. Hence, 


») 


QO, = ®s = Yuryx2 — Yo? = (hb — 82)a = Ga. (95) 
We have therefore the result that: The Gaussian curvature G is 


Oo , — 
0). 11° Yoo Yr - 
_ “s _ Yury — Ji (95’) 


al al 


the quotient of the scalar of the matrix of the second fundamental 
form by the discriminant of the first fundamental form, in complete 
analogy with the result in three dimensions which expresses G as the 
quotient of the determinants of the two fundamental forms. It has 
already been seen that the mean curvature h is expressed as 


2h = 2;,a'"y;; 
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in conformity with the expression for the analogous quantity in three 
dimensions. 

The plane 5xp of the indicatrix is polar to h with respect to Cone I, 
that is, it is perpendicular to ®-!+h, as may also be seen by direct 
substitution in (94’). 

The second fundamental forms y; of the projection of the surface 
on any 3-space containing the tangent plane M at a point and some 
normal Z;isW; = 2;*V. If we write, 


WV — L2W; — YZ;Z;°V — [-w, 


the mean curvature of the surface is seen to be the vector sum of the mean 
curvatures of the projections on the spaces determined successively by &j, 
namely, 


2h = ~;ja"y;; — ~ijp(a’Y Vij? 2.) Zp. 
There is no need of letting / vary over more than the values 1, 2, 3, 
as curvature phenomena are five dimensional. The expression for G 
may be written 
aG = Q = Q:] = O:] = Viele yx “ Yiorleye; 


Le(Vir? BeBe Yoo — Vio? ZpZp* Yo). 


| 


As the individual parentheses here are the values of G for the projec- 
tions of the surface it shows that: The total curvature of a surface is th 
algebraic sum of the total curvatures of the orthogonal projections of the 
surface. 

Since aG = ®:(2,2, + Zoo + 2323) we may reduce aG to a single 
term by choosing Z: and Z3; on the cone r-®+r = 0, 1. e., upon Cone II. 
Then aG = 2,°@+z,. As aG = ®g, this relation may be written as, 


P5Z)°Z, = 2°P°z, 
or Z° (Pol — b)ezZ, = O. 
We therefore have another cone, 
r-(Po| — h)er = O, Cone III, (96) 


which is coaxial with Cones I and II and which has the property that 
if one normal 2; lies upon it, the other two may lie upon Cone IT, and 
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G will reduce to a single term. In other words: It is possible in o} 
ways so to select three perpendicular normals 2; that one of the projec- 
tions has the entire total curvature of the surface and the other two have 
zero total curvatures. 

If now the dyadics ®, &-!, bs — ® = &, be referred to their prin- 
cipal directions, 


b 


pit, jj_ kk 


a h 2 


® = @ii+ /jj — kk, (97) 
== (PP —e)ii+ (@ — &)jj+ (¢@& + &)kk, 


“5 


where i, j, k, stand for 2), 2, Z3. If c is less than a? and 6? the cone 
defined by = is not real and the above resolution of the surface is 
impossible in the real domain,— as must be expected when Cone II 
is sO narrow as to have no vertical angles as great as 90°. In case 
G = 0, ®s = O and Cones II and III coincide. Hence: The condition 
G = Oimplies that Cone IT 1s a cone circumscribed about a trirectangular 
trihedral angle. 

As Cone I is reciprocal to Cone II, Cone I in that case must be 
inscriptable in a trirectangular trihedral angle or: when G = 0, the 
indicatrix must be tangent to three mutually perpendicular planes through 
the surface-point. In the special case where the indicatrix les in a 
plane through the surface point the condition requires that the conic 
subtend an angle of 90° at the surface point or that the surface point 
must lie upon a circle of radius (a? + b?)? concentric with the 


indicatrix. 


39. The scalar invariants. We have now interpretations for 
two fundamental invariants, G and h, and the expressions of these 
invariants in terms of the coefficients a;;and y;;. The indicatrix and 
its position relative to the origin require for their determination, 
apart from the rotation in space, five invariant scalars as remarked 
by Levi (see note 27). The dyadic ® has of course three invariants 
®s, Pos, Ps which are the coefficients in the characteristic equation 
for &. Of these the last is 3 = a3(pxdx<h)? as in (101). The geo- 
metrical meaning of ®3 is, except for a factor, the square of the volume of 
the cone intercepted by the plane of the indicatrix from the infinite surface 
of Cone I. Except for a factor this is Levi’s invariant A;; ®s is his Aj; 
and h his As. 
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The values of 2 and px6 may be found in terms of y;; as follows. 
From (93) and (94), 
® = (hh — pp — 98)a = bynye + b¥e2¥u — YeYa, (99) 
P, = (pxd xd — xh xh — hxp hxp)a° 
oe on i: . . 
= (— 4¥x2*YuYo*Vu + 2¥u*YeYi2*Y2 + >¥e*Yx2YuxYi2), (100) 
fai 7 
= (pxdxh)2a? = 2 (yuxyxyn)’, (101) 
where ® and 3 represent the Gibbs’s double products.32 Now 
&xh = (px6 pxdxh)a?, = 2h = La y,,, 
&xh = (— fa yoxyn + ga yuxye + 3 siaaieaibiacaaiin 
Choose, 
= a5 pxd = — 5a) yoxyn + 3a YuxVi2 + 2a™) Yi2xYer - 
Then,  apx8 pxdxh = (— fa) yooxyy, + da yuxyr T 3 dy 2) 710 Yoo) 
‘c— 1g (12)2 ao 1 gq) + 4 1 ql) ae 2) ¥ XV 2X Yoo, 


and the result checks. 
The double sign which arises here has come in through the extraction 
of a root. We may obtain from (87) the value of p»*6 as follows; 


xd — gh MALS Ys 4 [TS pg( AMA oun AMM )y,, | 


The coefficient of yx*yu is 
2 2 (,)2 \2 } ( | 9 2 9 2 
AAAZ(AM! — AWM) — AMAA (A! — AO), 


which by virtue of (61’) and (63) reduces to a2/az. The sign of the 
term is therefore plus. In like manner the sign of pxdx<h may 
he determined. Hence 


2apxd = (ApYe*Yiu + deYu*Yi + 4119 12*Y22), 
2aipxdxh = Vur*Viw*Yx. (102) 


38 See Gibbs-Wilson, Vector Analysis, p. 306. As we are using the progres- 
sive product ; = | 6X instead of | 2&3. See also Wilson, Trans. 
Conn. Acad., New Pt ng 14, 1-57 (1908). 
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The conditions px8<h = 0 and yyyrXyx are therefore equivalent as 
was to be expected. If we use an orthogonal system of curves for 
the parameter curves, aj. = 0, and »«8 may be factored. If we use a 
minimum system, ay = dx = 0, and px reduces to yi<yx except fora 
factor. In general #8 may be factored in ©* ways of which one simple 


case Is, 


Vi + Yo 


= Yi. ) X (deYir — dnYe2). 
4) + Cx 


Paspxd = ( (1}9 


The Vertex ot (‘one I] is located at the pomt, 


(px) + (uxO<h ) " 
v= ——— (103) 
which may be expressed in terms of the y’s if desired. 

The invariant [p<8]? which is proportional to the square of the area 
of the indicatrix is except for a factor Levi's invariant Ay. The 


invariant 


Pos = Yu*Yr2°Yi2*Yx2 — , Lyn} (104) 


is, except for a factor, Levi's invariant A;. We have geometric inter- 
pretations for all the invariants except Pos. If we write 


2s /a? = [pxd? — [b<h? — [hxpP, (104) 


we have 3{[p<8] interpretable as the area of the triangle of which the 
conjugate radii # and 4 are sides; 3{6<h] as the area of the triangle of 
which 6 and h or 6 and @ are sides; 3{hxp] as the area of the triangle 
of which h and # are sides. As [p«8/? is itself an invariant [pxd]? — 
Po. a? is an invariant and is equal to four times the sum of the squares 
of the areas of the triangles on § and hand on hand p. 

We can therefore set up the following list of five scalar invariants,°9 


h?, &./a= G, [px], [px] — By /a?, [pxd<h}, 


~ > 


39 To aid the reader to make the comparison between our notation and Levi's 
we give the following table of equivalents for his symbols J and J. 
wi0 = Ql, Lion. = An, loi = (122, 
Jo200 = Yu, Jun = Yur, So02 = Yx”, 
Joo. = YueYx, Jon = YueYru, Jou = Yoe¥n. 
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The condition on the surface due to the vanishing of these invariants 
is as follows: 


(1) 
(2) 
(3) 


h? = 0, minimum surfaces ($36), 

G = 0, developable surfaces ($41), 

[pxd]? — dy, ‘a? = 0, surfaces with what Levi calls axial points, 
viz., three dimensional surfaces or surfaces formed by the tan- 
gents to a twisted curve (§43). 

[x6]? = 0, surfaces with perpendicular (Segre) characteristics — 
the indicatrix reduces to a linear segment — the simplest gen- 
eralization of ordinary surfaces ($43). 

[pxdxh]? = 0, surfaces possessing (Segre) characteristics — sur- 
faces with what Levi calls planar points ($43). 


Conditions (1), (3), (4) imply (5); condition (3) implies (4). We 
have already discussed minimum surfaces briefly; we shall take up 
the other tvpes in some detail in later sections. 
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CHAPTER III. SPECIAL DEVELOPMENTS IN SURFACE 
THEORY. 


40. The twisted curve surfaces and ruled surfaces. As an 
illustration and application of the foregoing analysis, we may treat the 
case of the surface formed by the tangents to a twisted curve in 7 
dimensions. Let y = f(u) be the equation of the curve, u being the 
arc. The surface is then, 


y= f(u)+ of (u), ff = 1, ff’ =0, 
dy = (f' + vf” )du + fdr, 
ds? = dy-dy = (f + vf”)*du? + 2du dv + dv’ 
(1 + 2° /R?)du? + 2du dv + dr’, 


where R = (f'’*f”)-2 is the radius of curvature of the curve. 
That the surface is developable follows from the familiar argument, 
namely: ds does not depend upon the torsion of the curve and hence 
the surface is applicable upon the tangent surface to all curves for 
which RF is the same function of u, and a plane curve can be found 
satisfying this condition. 

To calculate VY two methods are available based on (75) and (76). 
The advantage of the first form (75) is that the expression dyxdM 
may be replaced by (dyxdUM)/U, where U is any scalar function; — 
since dy lies in M and dyxM = 0. Now 


(f’ + vf"")xf’ f’’xf’ ee 
M = — = ——— = Rf'<f, 
Vif! + of")xf' PVE" o£” 
dyxdM = R(f + vf”’)xf’’’xf’du, 
os Roof!’ «f'"’<f' du = — Mxv. 
Multiply by M as in the text and repeat the argument there given. 
Then 


— WW = Rv(f"~f’) > (£'«£"~f) du? 
Rf th! FE — Pe RE BY EYE BE dv’, 
W= ER Re PE di’, 
since ff’ + f"-f” = 0. 


we 
. ca 
~~ 
~ | 
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Hence comparing with W = Ly,,dx,d2; , 
Yu = of’ + f'/R? — ff’ 
Yu = 0, Yo = 0. 


Also, comparing ds” with its standard form, 


ayy = + v”/ R?, ih, = 3 yo = : a= ve R?, 
aQ) = R/r, a = — R?/r, a@ = 1+ R?/r’, 
oh _ La*)y,, com Rey" h/"’ + f’ ‘RR — Pt" tl. 
P = 3(YuYer + YeYu) — YrYa = 0. 

The dyadic ® vanished identically. Hence hh = pp + 68, andp 
and 8 must be collinear with h. The indicatrix for a twisted curve 
surface reduces to a line along the vector h, extending from the surface 
(vertex of degenerate Cone I) to the end of 2h. As ®g = O, the condi- 
tion G = 0, is satisfied, as must be the case from the reasoning given 
at the outset. 

By a similar method we may calculate the various quantities 
arising in the case of any surface expressed in parametric form as 
y= y(u,v). Let 

dy = mdu+ ndv, m= dy/du, n= dy/d; 
ds? = dy-dy = m*du? + 2mendudv + nd?’ ; 
ay = m’, de =~ Men, dx = n’, 
a = Ay)de2 — ay? = m?n? — (men)? = (mxn)’; 
mx<n dmdu + dndv 
M = ——-dyxdM = — mxnx | : 
Va val 
Let dm = pdu+ qdv, dn = qdu + rd2, 
p= 0y du’, Q= Oy/dudr, r= Oy/de"; 
VW = a-'(mxn)+[(mxn)x(pdu? + 2qdudv + rdv*)}; 
yu = a-'(mx<n)*(mxnxp), ye = a-!(mx<n)+(mxn~q), 


Yoo = a~'(mxn)*e(mxnxr). 
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The expansion of the products gives expressions like 


m n p 
(mxn)+-(m*<nxp) = m men mp); 
mn n° Nn°p| 


such an expression represents the component of p perpendicular to 
m*n multiplied by the square of mxn. The product 


((mxn)+(m*xn~p)!+/(mxn)+(mxn«xr)| = (mxn)?(m<nxp)+(m<nxr). 





Hence 
Ps = (mxnxp)-(mxnxr) — (mxnxq)? = Ga, (106) 
m mn mr mz mn mq 
Ga= mn YF ner};— mn n-q|. (106) 
mp n-p- pr m-q nq q° | 


If the surface is a ruled surface the form 
y = f(u) + vg(u) 


is a possible parametric form. Then 


" ; 


m=-f+er, n=g, a=e¢, r=0, 


Ga = — (mxnxq)? = — (£’xgxg’)?. 


Hence: The total curvature of any ruled surface with real rulings is 
negative. If the surface is developable, i. e., if G = 0, we have 
f’xgxg’ = 0 or g’ = bf’ + cg, where b and c are functions of wu alone. 
Then, 


yw ft rot + ce) Xe = (+b) xXe_ ft xe 
(1 + bv) | f’ X g| if’ x< g| 





is a function of the single variable wu and remains constant as v changes, 
the tangent plane is tangent along the whole generator, and the 
surface is the tangent surface of a twisted curve. Hence: A/l 
developable ruled surfaces are twisted curve surfaces. 

If the ruled surface is not developable we select as a simple canoni- 
cal form that obtained by taking the directrix y = f(u) orthogonal 
to the rulings and wu as the are along this curve. Then, 
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(mn p | 
Yyi=a'i'm 0 m-p = a"(— m-pm-+ m’p—m*’n-pn), 
0 1 nep 





yx = 0; 
® = 3(YuYe + YeYu) — Yer 
— a~-(m*q — m:qm) (m°q — m-qm). 


Moreover, a@) = 1l/a, a®® =0, a@) = 1, 
2h = a~*(— m-pm-+ m’p — m‘’n-pn), 
@/a = hh — pp — 66, pp + 66 = hh — &/a. 


pp + 66 = fa“*(— m-pm+ m’p — m’n-pn) (—~m:pm+ m’p — 
m°n- pn) 


+ a~(m*q — m-qm) (m’°q — m-qm). 


~ | 
ped =~ (—m:pm + m’p — m’n-pn)(m’q — m-qm). 


Hence »*6 contains h and the indicatrix lies in a plane with the 
surface point, no matter how high the dimensionality of the space 
in which the surface lies. Hence: A ruled surface is at each point 
of the four dimensional type and never of the general type, i. e., a ruled 
surface 1s made up of planar points, in Levi's nomenclature. 

The formulas will serve to investigate the whole surface. If we 
are interested only in the neighborhood of some ordinary point we 
may assume that the point lies on the trajectory y = f(u), that is, 
»=0. The formulas then simplify further; for 


m=-f, p=f', mep=f-f’ =0, a= m= 1; 
2h = f’ —g-f’g, b= — (g’ — f'-g’f’) (g’ — f'-g’f’). 
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Moreover,*” 
alte UL —_ 1(¢”’ _ gf's), _ 6 -_ g’ ae f’+ gf’, 
?,=>G= — (gr oe f’-g’f’)° = 6. 


It is seen from these equations that: The mean curvature hh of a 
ruled surface is one-half the normal component of the curvature £" 
of an orthogonal trajectory of the rulings; the indicatrix is a conic of 
which a pair of conjugate radii are the mean curvature hand the line 6 
which is the normal component of g’, which gives the rate of turning of 
the rulings; the total curvature of the surface is the negative of the square 
of the normal component of g’. The ruled surface is a special type 
under the four-dimensional type in that the indicatrix passes through 
the surface point considered. As the inverse of the pedal of an ellipse 
with respect to a point on the ellipse is a parabola, the locus of points 
where consecutive normal planes (spaces) meet a given normal plane 
(space) 1s a parabola (parabolic cylinder) with its axis parallel to h. 


41. Developable surfaces. One particular parametric form for 
a general surface, 


r= 2, y=y, 2 = 2,(2,y) 


which expresses the surface as the intersection of n — 2 cylinders 
z; = 2,(v,y), is often useful. In this case the vector coédrdinates 
of the surface and the differential element of arc are 


p= xi+ yj + 2z.k;, 


; OS. . , 02; = 
dp = (i+ > — k;)dv + (3 + > — k,)dy, (107) 
On OY 
_ (02; \? ~ 02; OZ; _ (02; \? P 
dp-edp =|1+> ( ) du? + 2» —drdy+}1+2 ( - dy”. 
ON, Ov OY Oy] 


Let p:, gi be the derivatives of 2; with respect to x and y. Then, 


m = i+ Yp.k,, = j+ Yqk (107") 





40 The actu: - vm ‘termination of a miele set of v: an s for p —r 81 may be 
made when the values of pp + 88 and px are — In this particular case 
pxd = — icxd where c =f” —g a d = g’ —f’.g’f’ and h= ke. 
Then since a = 1, pp + 8 = hh = +dd.- If p= cr and $= d/z, 
then pp + 88 = le°ce + dd/r*, and xr bined “i unity provided ¢ and d have 
distinct directions as they must have since xd ZV 
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If we use 7;, 8;, t;, for the second derivatives of z; in accord with the 
usual notation, the quantities p, q, r, are 


p=2rki, q=2sk;, r= Stk. (107’’) 


With these values, yi1, Yi2, Yoo, etc. may be calculated. 
We shall at this point merely calculate, from (106’), 


l a =p, ~Piqi =Dil; | 


Pz = Gea = LP iVi l -+- Lqi Zgit; | 
» > ° > > ° Ss. 
a pili Zit: art; 


% 9 “~ . 
Ll+ 2p 2p: = DiS; 





ww ~\ > yy . 
— | ma Piqi 1 + Gi a isi 
a Di8i 2:8; Ds; 


dase e l p Fa > ii 9; . 9 
= Z(riti — 87) - ipo — pr =qi) 


=pPiqi 1+2¢? 
— qi (1 Lpr) + 2piqrpigi (108) 


+ Li(tir; — 8i8;) [— pip + 2g?) + pgp: 
+ qip=piqi — 9:9;(1 + Zp-’)|. 


In the particular case n = 4 where 7 and 7 run over the indices 1 
and 2, the formula becomes, 


Ga = (nt) — 3°) (L 4+ po? + qe”) + (rete — so?) A+p? + qu’) 
— (tre + ret) — 28182) (pipe + quge). (108’) 


The case n> 4 is much more complicated but consists of a sum of 
terms rt — s*, with coefficients, and some supplementary terms. 

If the surface is a twisted curve surface its rulings will project into 
lines and hence each of its projections z; must be a twisted curve 
surface and the terms rt — s*? vanish; but as G = O there are sup- 
plementary conditions to be satisfied, the condition in case n = 4 
being 

(fire + reti — 28182) (pipe + qig2) = 0. 


But the surface may be developable, that is, G = 0, without making 
the individual terms rt — s? vanish. Indeed if in four dimensions 
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we assume the projection 2, = 2(z, y) at random, (108’) equated to 
zero becomes a partial differential equation of the second order for 
the other projection z2 = z(x,y), and any solution 22 of this equation, 
taken with 2, will define a developable surface in four dimensions. 
Incase n > 4 we may assume at random n — 3 projections 2; = 2;(a, y), 


Zo = 2o(a,y),.. ..-) Zn-3 = 2n_-3(2, y), and proceed to solve the 
differential equation obtained by setting (108) equal to zero for the 
projection z,_2 which taken with the assumed n — 3 projections, will 
determine a developable. In more than three dimensions developable 
2-surfaces therefore are either 1°, ruled developables which are twisted 
curve surfaces, or 2°, non-ruled developable surfaces. 

As a particularly simple case of a non-ruled developable for n = 4 
we may take 


Zi = $(a? + y?’), Ze = Ty. 


This surface satisfies (108’) but the individual terms rt — s? do not 
vanish. If we turn the axes of 2; and 2: and of x and y through 45° 
in their respective planes and change the scale, the surface may take 
the form 
2 = $2’, Ze = 5y". 
In this case each of the surfaces 2; = 32? and 2. = $y” taken as a three 
dimensional surface is developable. But the four dimensional 
surface is not a ruled surface. In other words the projections of a 
non-ruled developable may each be ruled developables. All surfaces 
of the type 
z1 = a(x), 2 = 22(y) 
are developable, because the element of arc is 
(1 + 2,")dx? + (1 + 2”)dy? = dX? + dY?, 
, ji. -6« , mae 
dX = Vi+22dx, dY¥Y = V1 + x? dy. 


Such surfaces, however, are not in general ruled. 


42. Development of asurface about a point. There isa great 
simplification in our formulas if we restrict ourselves to the neighbor- 
hood of a single point of the surface and take the tangent plane at 
that point as the zy-plane. (This is the method followed at length 
by Kommerell in the four dimensional case.) In general we have 
for the surface, 


2,= 4(Aa?+ 2Bayt+Cy), it=1,2,...n—2, 
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up to infinitesimals of the third order. The 3n — 6 constants are not 
geometrically independent because of the arbitrary choice of the 
direction of the axesin the zy-plane. There are only 3n — 7 independ- 
ent constants. There are 3(n — 2) — 6 = 3n — 12 degrees of freedom 
for a plane in S,_3 and five degrees of freedom for an ellipse in the 
plane. The count of constants indicates, therefore, that the indicatrix 
may be any ellipse in the normal space. We may examine this 
proposition critically by reference to the general formulas (107), 
(107’), (107). 


For this case m = i, n = j, an = 1, Qe = 0, ag = lla = 1. 


a=1, a=), a™@=1, p= ZAK, qg= ZBK;, 
r=2C:K:i, yu =P, Ye=q, Ye=r, 2h= >(4;4+ Ci)Ki. 


The center of the indicatrix may therefore be any point, and is the 
same point for any two surfaces for which A;+ C; are the same, 
1=1,2,...n—2. The plane x8 is determined by (102) as 


2px - Yio (Yee — Ju) = DBkX=(C; — A ;)k;. 


As A; + C; and A; — C; are independent, »<8 may be any plane in 
the normal S,-». The work may now be simplified by choosing h 
as the axis 2; and by taking the axes 2, 23 in the space hxpx8. The 
equations of the surface reduce to 


2) = 3[Aya? + 2Byry + Ciy’], ty = FL fo(a? — y?) + 2Bory/, 

23 = $[As(a? — y*) + 2Bary], 2; = 0, v= 4,5,...n — 2. 
That 2 and 23 take these special forms is due to the fact (§38) that the 
mean curvature of each must vanish. A proper orientation of the ry 
axes makes B, = 0. By properly choosing the axes Ke, K; we may 
make By vanish. We have then as a canonical form for the surface, 


a1 — S| Aye? a Ciy"|, a= 5 Ao(2x? om y"), (109) 
23 = 3[A3(a® — y*?) + 2Bary], 2: = 0, 2 > 3. 


Now, 2h = (4, + (C1)K1, 2x8 = B3k3«|(C) — A,)ki — 2Ack]. 
Ifweset A;=hte, GQ =h-—e, Ac=f, Azs= A, Bs=B, 
a= sh? + y)t+ee’—y)|, 2» = sf’ -—y), 
23 = 3([A(a? — y?) + 2Bry], 25 = 0, 1 > 3. (109’) 


os 
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This rs a very useful standard form for the expansion of a surface near a 
given point. Then pxd = B(ck, + fk.)xKs, and only the ratio e:f is 
effective in changing the plane px6. The equation therefore contains 
three constants after h and the plane #8 are satisfied, namely A, B, 
and e or f, which may suffice to determine the indicatrix with its 
center and plane already fixed. 

Using polar coordinates (p, @) in the tangent plane, we have 


21 = Jon + 000528), 22 = Sp*feos26, (109 
»p°(Acos26 + Bsin26), 2;=0, «> 3. 


2 
w 
I 


The normal vector distance, of the surface curve in the direction 6, 
above the tangent plane is therefore 


Sp'((h + ecos20)k, + f cos20k. + (A cos26 + B 2sin@)ks], (110) 


and the normal curvature @ is 
a= (h + ecos26)k, + f cos26k. + (4 cos26 + B sin2@)k3. (111) 
The vectors 6 = a — hand #, which is § advanced 45° in 6, are 
6 = (ck, + fk. + Aks)cos26 + Bk; sin26, 
= — (ck, + fk. + Aks)sin26 + Bk;3cos26. (112) 


The indicatrix reduces to a line when and only when B = 0 or e = 
f = 0. The former may be regarded as the general case. It appears 
then that 6 may describe any line in the normal S3 and the range of 6 
may be for any distance (e? + f?+ ?)2 along that line. If the 
indicatrix does not reduce to a line, and if u, v denote coordinates 
referred to the unit orthogonal vectors kz; and k’ = (ek, + fk:)/ 
(e? + f2)2, we have 


u = Acos2é + Bsin26, v = (e? + f?)2c0s26. 


Let e = Acosy, f= dsing. The plane px6 determines ¢ but not X. 
The equation of the indicatrix in its plane is then 


24? — 2\Auv + (A? + B*)e? = By’. (113) 
Any ellipse may be written as 


au? + 2bur+ecr?7=1, a>O0, c>0, ac—>0. 
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To determine the outstanding constants A, A, B, so that the indi- 
catrix takes this form we have merely to take 


h2 
se, Wis os, et 


a a(ac — b?) ac — & 


and this choice is always possible. Hence we have shown that: The 
indicatrix may be any ellipse or any segment of a straight line in the 
normal S,-». (We are ordinarily more interested in the domain of 
reals than in the domain of complex numbers, and this theorem holds 
for reals.) 

If we are working in the special case of four dimensions we have 
merely to set f = 0 throughout the work. The results are the same 
for the special case as for the general case,— the indicatrix may be any 
ellipse or segment of a line in the normal plane. 

The dyadic @ = (hh — pp — $8)a = fyyyo + Fye2yu — yrye, is 





@ = ( h? nee e)k ky a fP? kok» —_ (A? -1. B*) Keke 
= fA( KK, +- kk») — Ae kk; + kk; ) — fe( ky ke + kk, ), (1 14) 
o, = G= ih? — & — f? — A? — B?. 


The vertex of Cone II is located at 


- (ux) « (ux8xh) " B (fk; - eke) 
(pxdxh)? B th 


Vv (115) 


and retreats to infinity if A vanishes unless special conditions are 
fulfilled. If B= 0 the vertex is indeterminate. The determinant 
of ® reduces to f7h*B? and hence ® becomes singular and Cone IT degen- 
erates when f = 0 or h = Oor B= 0. _ It is however clear, from the 
equations (109’) of the surface, that if fBh = 0, the surface lies in four 
dimensions at the point considered. Hence for a true five dimensional 
surface in the neighborhood of a point, the indicatrix must be a true 
ellipse (cannot degenerate to a linear segment) in a plane not contain- 
ing h, and Cone II cannot degenerate nor its vertex retreat to infinity. 

Special cases. It remains to discuss the case for a locally four 


dimensional surface 


2, = a[h(a? + y?) + e(a? — y’)|, 23 = $[A(a? — y?) + 2Bry]. 
Here px6 = Bek,<k3. This vanishes only when B = 0 or e = 0. As 
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6 = (ek, + Ak;)cos26 + Bk,sin26, we see that B = 0 represents the 
general case. If Be ¥ 0, the indicatrix (Conic I) 1s a true ellipse with 
central radius §. Referred to its center the equation of the indica- 
trix 1s 
e244 — 2Aexz, + (4° + Bz? = Be’, 

as may be seen from (113). To find the locus of the intersection of 
consecutive normal planes we need the inverse of the pedal of the 
ellipse with respect to the origin. One observation may be made in 
advance: the conic (Conic IT) which will be found must contain the 
origin in its interior. 

The calculation of the inverse pedal may be carried through neatly 
by vectors. If 2 be the selfconjugate two dimensional dyadic that 
vives the conic referred to its center as 6-Q+6 = 1, 0-6 is the normal, 
and the equation of the tangent at 5, or at 8+ h when referred to the 
origin, 1s 


(r—h — $8)-0-6=0 or r-Q-6=1+4+ h-Q-6, 


where ris the radius vector. Hence 


r-()+d ) | Q-6 
i~eoe 7 FP  i4eee 


s the radius vector of the inverse of the pedal. Then 


peQ2-'*p 
and - = | 
|—h-p (l — hep) 


The inverse of the pedal is therefore, 
p-2-'-p = 1 — 2h-p + (h-p)’. 


Taking 2 from (114) with f = 0 we find Q-' at once and hence the 


desired loeus (Conie LI) is 


(e- — h*)z,* +») [ez 22 4. (1° a B*)z2" + 2hz; = |. (116) 


am 4 ~ 


The discriminant of the first three terms is h?(42 + B?) — B’e?. The 
conic is an ellipse, parabola, or hyperbola according as this expression 
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is negative, zero, or positive.4? The conic breaks up into two lines 
if Be = 0, that is if the indicatrix is a linear segment. 

The degenerate case B = 0 requires a little more investigation to 
find what happens to consecutive normal spaces. If we observe what 
happens as we pass from a true ellipse to a segment, we see that the 
points of intersection of consecutive normal planes bunch themselves 
more and more closely about the point 2; = 1/h, 23 = — e/ Ah, which 
is the inverse of the foot of the perpendicular to the segment from the 
surface point. It therefore appears that the normal planes all pass 
through a common point (0, 0, 1/4, — e/ 1h) in this special case; the 
two nearby planes in the direction of the axes 2, 1 may be said to cut 
the normal plane in the lines = (A + e¢) + Azs = 1 and x(k + e) — 
Azz = 1 respectively. These lines are those into which (116) factors 
and are perpendicular to the lines which join the surface point to the 
extremities of the indicatrix. 

There is a special case under the case B = 0, namely that in which 
the indicatrix, now asegment, is collinear with h. The surface is then 
three dimensional in the neighborhood of the point, or the point is 
axial in Levi’s nomenclature. The common intersection of the con- 
secutive normal planes has retreated to infinity and the locus reduces 
to two parallel straight lines which are the intersection of the consecu- 
tive normal planes in the x and y directions with the normal at the 
given point — thus consecutive normal planes do not in general meet 
that normal plane. 


43. Segre’s Characteristics. The points for which B = 0, that 
is, those where the indicatrix reduces to a linear segment have one 
property of importance in common with surfaces in three dimensions. 
For if the indicatrix reduces to a linear segment, there are two directions 
on the surface, namely those corresponding to the ends of the linear seg- 
ment, for which & = 0, and these are orthogonal directions, and for them 
the normal curvature is a maximum or a minimum. If these lines be 
taken as parametric curves the second fundamental (vector) form and the 
first fundamental form reduce simultancously to the sum of squares, 


g = andr? + andr?, VW = yuder + year’. 





41 Kommerell distinguishes these cases by saying that the surface point is 
elliptic, hyperbolic, or parabolic, but though this distinction may be useful 
in the case of surfaces lving in a 4-space and possibly at planar points in general, 
there is apparently no similar classification in general surface theory. 
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Further: the rate of change of the tangent plane squared is, from 
(73), (SO), (82), 


dM Y dM 


= (axn + xp) X (axy + Sp) = 26xqxpxa, (117) 
ds ds 

As xn and pxa are completely perpendicular, the only possibility for 
the product to vanish is that pxa = 0. This will vanish when p = 0 
and hence: Jf the indicatrix is a linear segment there are two directions 
for which the rate of change dM/ds is a simple plane vector. In this 
case M and dM intersect ina line. There are then only two directions 
in which consecutive tangent planes intersect in a line. 

If the indicatrix does not reduce to a linear segment the only way 
that 2x@ can vanish is to have #and @ parallel or @ vanish. Now 
the latter alternative will happen when and only when the indicatrix 
(now an actual ellipse) passes through the surface point and in this 
case there is only a single direction in which dM is a simple vector. 
If hxpxd = 0, that is, if the surface at the point is four dimensional 
(i. e., planar), there are two directions on the surface for which pxa = 0, 
namely, those which make @ tangent to the indicatrix, for these directions, 
and only for these, dM is a simple plane and consecutive tangent planes 
intersect in a line. These two directions cannot be perpendicular 
and may be imaginary, they are coincident in the case where @ may 
vanish. Jf the surface at the point is five dimensional, dM is never a 
simple plane. 

It appears therefore that in no case above three dimensions can 
conjugate directions be defined by considering intersections of consecu- 
tive tangent planes. 

We may express upon the y’s the condition of degeneracy. First 
if the surface is four dimensional at the point, then at that point yu, 
Y12, Yoo must be coplanar and a linear relation 


Ayn + Byy + Cyx = 0 (118) 
must subsist between these. Next if the ellipse collapses into a seg- 
ment, the condition (102) for #<6 = 0 may be used to show that the 
normals, Yi1/@11, Yie/d12, Yo2/ de are termino-collinear and the relation 


Aay + Bay + Cas = 0 


subsists between the coefficients A, B, C in (118). Finally if the 
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linear segment is collinear with h, the normals are all collinear and must 
satisfy (118) and an additional relation 


A’yu + B’yy2 + C’yx2 = 0. (118’) 


Segre ** showed that if the coordinates of a surface satisfy the rela- 
tion (118) at each point, there is traced on the surface a double system 
of curves, called characteristics, having the property that tangent 
planes to the surface in two infinitely near points in the direction of 
one of these characteristics will intersect in a line tangent to the other. 
Also an S,_; passing through the tangent plane will cut the surface in a 
curve having a node at the point of contact and such that the tangents 
at the node are separated harmonically by the tangents to the char- 
acteristics. The direction of the nodal tangents correspond to the 
points in which a line drawn through the surface point cuts the indi- 
eatrix. The considerations above given show that these surfaces 
are those for which hxpxd = 0 (see $39). 

If the equation (118) is of the parabolic type, that is if B? — 4AC = 0, 
the two characteristics will coincide. If this happens Moore #3 showed 
that the characteristics have the property that their tangents have 
three point contact with the surface. For this type the indicatrix 
passes through the surface point and consequently one of the nodal 
tangents always coincides with the tangent to the (double) character- 
istic. 

Segre also showed that a surface whose coordinates satisfy two equa- 
tions (118), (118’) either lies in a three space or else consist of the 
tangents to a twisted curve. These are the surfaces for which our 
invariant (#x5)? — do. /a? of §39 vanishes, and the statement there 
made is thus substantiated. 

If the indicatrix degenerates into a linear segment not passing 
through the surface point, the two characteristics are perpendicular, 
and this is the only case in which the characteristics are at right 
angles. If the linear segment passes through the surface point two 
cases arise. 1° If one end of the segment lies on the surface then at 
that point the surface has the character of a twisted curve surface. 
If the condition is satisfied identically the surface is a twisted curve 
surface. 2° If the segment does not have an end in the surface then 





42 Segre, Su una classa di superficie degl iperspazi, ece., Atti di Torino, 1907. 

43 C. L. E. Moore, Surfaces in hyperspace which have a tangent line with 
three point contact passing through each point, Bull. Amer. Math. Soc., 18, 
1912. 
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at the point the surface has the character of a three dimensional sur- 
face which is not a developable. If this condition is satisfied identi- 
cally the surface must lie in three dimensions. 

As an application of these results we may show that a minimum 
ruled surface must always lie in three dimensions and consequently 
be the helicoid. For as the surface is ruled the indicatrix reduces to a 
segment which, as h = 0, must pass through the surface point and 
indeed have that point for mid point and hence the surface must lie 
in three dimensions. 


44. Principal directions. If we take the value of a’ from (89), 
we find, as the condition that @’ shall be maximum or minimum in 
magnitude. 


0 = a’-da’ = (h+ psin26 + 8co0s26)+(Peos26 — Ssin2@) = a’-p’ 
= h-p cos26 — h-4 sin26 + (pw? — 8°) sin20 cos26 
+ (+5) (cos?26 — sin226@). 


It we let x = tané, the resulting equation in vx is | 


at(ped — poh) + 22°(62 — pe? — h-d) — Grp + 2a(pe — & — h-5) 
+ p-(dxh) = 0. 


This is of the fourth degree and hence there are four directions of 
maximum or minimum for the magnitude of the normal curvature 
(Kommerell). Two of these directions must be real; for if we choose 
» and §, which may be any radii of the indicatrix, as the axes of the 
indicatrix, #»5 = 0, and the coefficients of the first and last terms are 
opposite in sign. If a single pair of these four directions are orthog- 
onal, it must be possible to choose # and § so that x = 0 and 2 = 
satisfy the equations, that is, so that #-5 + peh = 0 or p-d = p-h. 
This means that: Jf two of the directions of maximum or minimum 
normal curvature are perpendicular one of the axes of the indicatrix 
must be perpendicular to h. If the four directions are perpendicular 
in pairs x and — 1/2 must satisfy the biquadratic and 


peS—peh=p-6+p-h, pw —&—heb=w—8+4 hd or 
pe-h = h-d = 0, 


Hence: Jf the directions of maximum or minimum normal curvature 
are perpendicular in pairs, the plane of the indicatrix must be perpendicu- 
lar to h, that is, h must be along the axis of Cone 1. 
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Definition 1. WKommerell calls the directions, which give a maxi- 
mum or minimum magnitude to the normal curvature, principal 
directions and points out that for the principal directions (in the four 
dimensional case) the point of intersection of consecutive normal 
planes lies in the osculating plane of the normal section through that 
direction. This is clear from the configuration of the indicatrix when 
ae = (0. For here the tangent P7 at the point P of the indicatrix 
is perpendicular to OP the vector from the surface point O to P, 
and consequently P’ the inverse of the pedal of P, lies on OP. [He 
‘alls the conic which is the inverse of the pedal of the indicatrix (our 
Conic I) the characteristic (our Conic IT) and shows that the princi- 
pal directions correspond to the lines OP’ which may be drawn from 
QO perpendicular to the characteristic. These lines are the same as 
those perpendicular to the indicatrix.| In this way he generalizes 
one property of the principal directions in three dimensions. The 
generalization is far from perfect. For in the case of three dimensions 
consecutive normals do not intersect in general, but do intersect for 
principal directions, and the intersection lies in the osculating plane 
of the normal section through a principal direction. In the four 
dimensional case the normal planes in general intersect, but except 
for the principal directions the point of intersection does not lie in the 
normal @, and is not in the osculating plane of the normal section 
through the direction. 

The result may be generalized to the general case of a surface in 
five (or more) dimensions. For it O be the surface point, F the foot 
of the perpendicular upon the plane of the indicatrix, and P a point 
such that the tangent P7 is perpendicular to OP, then as PT is per- 
pendicular to OF, PT is perpendicular to the plane OF P. Hence FP 
is perpendicular to P7. Thus the points P of the indicatrix which 
correspond to Kommerell’s principal directions on the surface are those 
for which the radius FP from the foot of the perpendicular OF is 
perpendicular to the indicatrix. Moreover, if F’ be the inverse of F 
all the normal three spaces pass through F’. Consecutive normal 
spaces intersect in a line through F’ perpendicular to the plane of 
a= OP and p= PT. -Hence the intersection F’P’ of consecutive 
normal spaces cuts the line OP in some point P’.. Thus: one of the 
co! noints of intersection of consecutive normal spaces lies in the osculating 
plane of the normal section in case that section corresponds to a direction 
of maximum or minimum normal curvature. 

As Kommerell points out, in the special case of a surface which at O 
is of the three dimensional type, the condition a°~ = 0, breaks down 
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intoa@ = Qand#= 0. The principal directions corresponding to p = 0 
become the true principal directions while those corresponding to 
a= () become the asymptotic directions. In the four dimensional 
case when at O the indicatrix reduces to a linear segment (not passing 
through QO) the condition a°~ = 0 breaks up into # = 0 and a-~. = 0 
with BP #0. The directions for which # = 0 correspond to the extremi- 
ties of the segment, which may be called the true principal directions 
and are perpendicular, while the directions for which a-~ = 0 (p + 0) 
correspond to the directions which may be called asymptotic from 
analogy. These directions may be real coincident or imaginary, 
but in any case are bisected by the principal directions, since the two 
coincident points in which a line cuts the linear segment correspond 
to values of @ respectively greater than and less than those for which 
» = 0 by equal amounts. 

Definition 2. There are other ways of generalizing the principal 
directions to higher dimensions. For ordinary principal directions 
w= 0), that is, B° hasa minimum. The lines for which # is a maximum 
corresponds to the bisectors of the principal directions. If we desire 
we can define as principal directions those for which »” is a minimum 
or maximum (it is not important to distinguish between the two 
extremes when the indicatrix does not degenerate). Then the prin- 
cipal directions on the surface would be four in number, spaced equally 
at angles of 45° around the point on the surface and corresponding 
to the axes of the indicatrix. 

Definition 3. There is another property which will define lines of 
curvature in ordinary space on all but minimal surfaces. If any 
direction \ be drawn on the surface at a point, the change of the 
normal dn along that line has a definite direction. It is possible to 
find another direction ’ such that the change dn’ of the normal along 
that direction is perpendicular to dn. In general )’ is not perpendicu- 
lar to X. But for the principal directions \’ and ) are perpendicular. 
Thus: The principal directions are the pair of perpendicular directions 
for which the differential changes of the normal are also perpendicular. 
We shall examine the value of this (third) definition for principal 
directions in any number of dimensions. We may consider the 
equation 


dM dM _ (119) 


ds, ds» 


which will connect two directions on the surface. Instead of setting 
up the relation in general we shall use formulas (73), (80), (82), (84) 
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to express the condition that, for two perpendicular directions, the 
differential planes are orthogonal. We find 


=s = (axn + Sp) +(pxn + xB) = a-p + Bop = 2hep = 0. 
Ss Ss 


(120) 


The condition for principal directions is therefore now hep = 0; 
the directions on the surface are those for which B is perpendicular to h. 
There is one line in the plane of the indicatrix that satisfies this condi- 
tion on #, namely the intersection of the plane of the indicatrix with 
the plane through the end of h perpendicular to h. Two perpendicu 
lar directions on the surface are determined by the two opposite values 
of p. Hence: By definition 3 there are just two principal directions 
through each point of the surface, and these are orthogonal. Ona surface 
for which »& = 0 these two directions coincide with those previously 
called principal. In case h = 0, the condition is ‘satisfied for any 
direction on the surface, and in case h is not zero but is along the axis 
of Cone I, the’ condition is also satisfied identically. This last case 
may perhaps be likened to an umbilic in ordinary surface theory — 
for at an umbilic the principal directions are indeterminate. 


The expression dM/ds = axn + &p gives 
(dM/ds)? = a? + pw? = h?+ 6 + p+ 2h-d. 


As the expressions h? and ~? + 6? are invariants, the maximum and 
minimum values of (dM/ds)? will fall where § has the greatest (posi- 
tive or negative) projection on h, that is at the point of tangency of 
planes tangent to the indicatrix and perpendicular to h, and for this 
condition hew = 0. The principal directions (definition 3) are therefore 
those for which dM/ds is a maximum or minimum in magnitude, as in 
the ordinary three dimensional case. It may reasonably be asked 
whether such a condition as the maximum or minimum of dM/ds 
in magnitude is not more intimately connected with the surface than 
the similar conditions on the curvature of a normal section. Unfor- 
tunately the condition breaks down for the case h = 0, but there are 
important theorems on principal directions in the three dimensional 
case which suggest that h = 0 is a really exceptional case.*4 

It is not difficult to make a choice between the three generalizations 


44 See, for example, Eisenhart, Differential Geometry, p. 143. 
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just mentioned. The first, which follows Kommerell, gives four 
directions on the surface which are not perpendicular and which in 
the case of three dimensions reduce to the principal directions and the 
asymptotic directions. We do not ordinarily associate common 
properties to these two sets of directions. The second definition, sug- 
gested above, also gives four directions and in this case the reduction 
is to the principal directions combined with their bisectors. We 
do not usually investigate these directions or associate common prop- 
erties to them and the principal directions. One great advantage 
of the third generalization is that we have, as principal, two and only 
two directions at each point and these directions are perpendicular. 

The differential equations of the principal directions as defined by 


) 


h-# = Oare, from (87), 


By (63) and A, = La,“ we may write 


Ss Vrs, MON (— 1)O+) = O, 
or 


~ sth? Y;s(— | \r+ta..s, / dv da. — Q). (1? 1) 
Written out at length we have 


he[ (yids; — Yo) dary? (Yj1do0 — Yootty; Vda ydive 
+ (Ywdtx» — Ytt)dx."| = 0. 


This equation is similar to the ordinary equation except that y,,. 
replaces b,, and the whole is multiplied by h. 
If the lines of curvature are taken as parametric lines, 


heyiido, = he yoian, he Yyode = Ne Yoods). 


These equations, since Ye — Yoda), ~ 0, demand that ay. = 0 and 
heyo, = 0. The condition that the lines of curvature be parametric is no 
longer dy = 0, Yi. = 0; the normal yy need merely be perpendicular to h. 
In all this work h may be replaced by its value Z,,a"*y,, if desired. 
Special considerations need to be developed for the case h = 0. 


45. Asymptotic lines. When we seek for a generalization for 
asymptotic lines we may consider the equation h-¥ = 0, where 
is the second fundamental form, as defining asymptotic lines in general. 


























Seen ~~~ -- 
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Indeed equation (78), namely, dM-dM = — Gds? + 2h-W contains 
an important property of asymptotic-lines on ordinary surfaces; 
the asymptotic lines are those for which the rate of turning of the 
normal, in this case the torsion, is ¥(—G@). Along the asymptotic 
directions in the general case of n dimensions, dM-dM = — Gds?, 
that is, the rate of turning of the tangent plane is ¥ (— G), if by anal- 
ogy (dM/ds)? may be called the rate of turning when successive 
planes do not intersect in a line.*° 

In the ordinary case @ = 0 for the asymptotic lines. In the general 
case @eh = 0. To prove this consider |see (67)| 


= h-W = h-d,,[ad,A, + B(AAs + AAs) + BA,Asldv,dirs 


As dx,:dx, = : for the curves defined by \, these curves will be 
along the asymptotic directions when and @nly when hea = 0, as the 
other terms vanish in the summation. 

The condition hea = 0 means that the curvature of the asymptotic 
line is perpendicular to h and consequently the osculating plane of the 
curve is perpendicular to h. Conversely if the osculating plane is 
perpendicular to h then @ must be perpendicular to h. Hence: The 
asym ptotic line is characterized by the property that its osculating plan 
is perpendicular to the mean curvature vector as in the three dimensional 
case. 

As in the case of principal directions (Definition 3), the asymptotic 
lines we have defined become illusory for minimal surfaces. For 
surfaces, not minimal, the asymptotic lines cannot bi orthogonal, as may 
be seen from the configuration of the indicatrix. 

That the condition h-a = 0 may be satisfied for a real direction on 
the surface, the plane z through the surface point O perpendicular to h 
must cut the indicatrix in real points. Now: The asymptotic lines 
here defined for any surface are bisected by the principal directions 
(Definition 3). For the plane z is parallel to # if h-~& = 0 and cuts 
the plane of the indicatrix in a line parallel to ». The two vectors 
a go to points of the indicatrix which represent equal amounts of the 
surface angle 6, above and below the directions for which h-}~ = 
If this plane 7 is tangent to the indicatrix the asymptotic lines fall 
agate. The condition that the asym pomee directions fall together (and 





45 If we Selina the angle a een two plane vectors, peers or not these 
be simple planes, by the formula cos 6 = M-N/(M?N?)} we have a real angle 
whenever the planes or complexes are real. If M is a unit plane, N a nearby 
unit plane M + AM, then 2M-AM + (AM)? = 0 and by a familiar trans- 
formation we find (d@/ds)? = (dM//ds)?. 
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coincide with one of the principal directions) vs that h shall be normal to 
a tangent plane to Cone I, hence an element of Cone II, that is, 
h-d-h = 0 = (heh)? — (h-p)? — (h-)”. 
In ordinary surface theory this reduces to 4?G = 0; but here h, p, 
and 6 are not collinear and the condition is not satisfied by G = 0. 
Indeed, 
h-d-h — h*, = hp? — (hep)? + h’6? — (h-d)? 

(hxp)? + (hxd)? = h-@-h — W’Ga. 


We see therefore that surfaces for which G = 0 make h-®-h positive 
unless h, p, 6 are collinear, that is unless the surface is three dimensional 
at the point in question. The condition he®-h > 0 means, however, 
that the plane 7 perpendicular to h through O does not cut the indi- 
catrix, that is that the asymptotic directions on the surface are imag- 
inary. Hence: For all developables except the twisted curve surfaces the 
asymptotic directions are imaginary 

The special cases which arise when the surface is four dimensional, 
with the indicatrix either an ellipse or a linear segment are not espe- 
cially different from the general case. 

The scalar form h+*W which for the definition of asymptotic direc- 
tions (in our sense) has taken the place of the scalar form yW (second 
fundamental form) in three dimensions may be used to define a con- 
jugate system of curves upon the surface as in the ordinary three 
dimensional case. The asymptotic lines he ¥ = 0 are then the double 
elements in the involution. It is easy to see that the lines of curva- 
ture (in our sense) are the pair of orthogonal elements in this involu- 
tion. For if we use the lines of curvature (in our sense) as parametric 
curves the forms h*W and ¢ = ds? are simultaneously reduced to a 
sum of squares since dy. = O and heyy. = 0 in this case. 

Kommerell’s generalization of asymptotic directions in case n = 4 
was to those directions which correspond to the infinite points of his 
characteristic (our Conic II, inverse pedal to the indicatrix), 1. e., to 
directions which make the normal curvature @ tangent to the indi- 
catrix, namely ax. = 0. On a surface in S, there are two such direc- 
tions; but the generalization breaks down for n > 4 because the con- 
dition ax. = 0 cannot be satisfied.4® We are therefore forced to 





46 Kommerell’s second fundamental form, the vanishing of which determines 
his asymptotic directions, has therefore no relation at all to general surface 
theory, because his asymptotic directions do not exist in general. The second 
fundamental forms which we develop are vital to the theory. 
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conclude that neither the principal directions nor the asymptotic 
lines as defined by Kommerell are the best generalizations of corre- 
sponding lines on ordinary surfaces. ‘That we have found other and 
better definitions may be attributed in part to the broader view point 
that we get by working in higher than four dimensional space, but 
must be credited in large measure to the suggestiveness of the method 
of attack developed by Ricci in his Lezionz. 

Kommerell’s type of asymptotic lines will exist only when axp = Q, 
that is, only when the indicatrix lies in a plane through the surface 


Py 





FIGURE 3. 


point and the surface becomes four dimensional at the point. This 
condition has been discussed in §43. It will be seen that Kommerell’s 
asymptotic lines are identical with Segre’s characteristics; they are 
therefore important lines for those surfaces on which they exist. 
(Levi has asymptotic lines only in case the two characteristics coin- 
cide, their common direction being then called asymptotic.) 

In the four dimensional case the important lines on the surface are 
as follows: Two principal directions corresponding to the points P, 
and P, for which h-# = 0; two asymptotic directions (in our sense) 
A, and Ap» for which h-a = 0: two characteristic directions C,; and Co 
for which axp = 0. The principal directions are orthogonal and 
bisect the asymptotic directions, but need not bisect the character- 
istic directions; the asymptotic and characteristic directions divide 
each other harmonically. If O hes on the indicatrix, A;, C), C2 coin- 
cide. If the indicatrix reduces to a linear segment P; and C), P: and 
C2 coincide. 


46. The Dupin indicatrix. Another way of getting at the prop- 
erties of a surface in ordinary space is by the Dupin indicatrix, which is 
the intersection of the surface by a tangent plane (or a plane parallel 
thereto). In five dimensions we must take a hyperplane (a four 
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dimensional linear spread) to cut the surface. If we consider a hyper- 
plane uz; + vz + wzz; = 0 tangent to the surface in the standard form 
(109’); the intersection is, 


uf h(a? + y®) + e(a? — y?)] + of(2? — y?) + wl A (a? — 9?) + 2Bry] = 0. 


There are ©* such hyperplanes. The discriminant of the quadratic 
form 


lu(h +e) + of + wA la? + [uth — e) — of — wAly? + 2wBry] = 0 (127) 


is 
A= wB? + (ue + of + wA)? — wh’. 


The equation A = 0 determines a quadric cone. Hence: There are 
co! normal directions u:v:w (forming a quadric cone) such that the tangent 
hyperplanes normal to any of these directions cut the surface in coincident 
directions. 

If w:v:w be the directions of an element of Cone II we have, from 
(114), 


(h? — ¢7)u® — fre? — (A? + B?)w? — 2fAvow — 2Acuw — 2feuv = 0, 


as the equation of Cone II (with its vertex transferred to O). This is 
identical with A = 0 except for sign. We see therefore that: The 
tangent hyperplanes which are perpendicular to the elements of Cone II 
cut the surface in coincident lines; these hyperplanes are also the tangent 
hyperplanes to Cone 1. Hence we may state: The tangent hyper- 
planes which cut the indicatrix im real points cut the surface in 
real directions; those which cut the indicatrix in imaginary points cut 
the surface in tmaginary directions; and those tangent to the indicatrix 
cut the surface in coincident directions. 

Particular interest attaches to the hyperplane (z; = 0) perpendicular 
to h. This cuts the surface in the directions (4 + e)2? + (h — e)y? 
= (). These directions are real, coincident, or imaginary according 
ash <e,h=e,orh>e. This locus will be called the (generalized) 
Dupin indicatrix. 

The condition a+~ = 0 and p+ = 0 which give the first two general- 
izations of principal directions may be calculated from (111), (112), 
but exhibit no special properties relative to the axes used in standard- 
izing the equation of the surface. The condition he = 0, however, 
is satisfied by the x and y axes in the tangent plane when the form 
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(109’) is used. We may say therefore that: The principal directions 
(third generalization) at a point coincide with the principal directions of 
the three dimensional surface obtained by projecting the surface on the 
three space determined by the tangent plane and the mean curvature, or, 
are along the axes of the (degenerate) conic in which a tangent S,-1 
normal to the mean curvature cuts the surface. (The conie obtained as 
the intersection of any S,_; which is normal to any line in the plane of 
h and the perpendicular ®+h on the plane of #8 from O has the same 
axes. ) 

In the special case h = 0 the conic (122) always has A > 0, and is 
an hyperbola. There is no real hyperplane which cuts the surface in 
a double direction. Cone II becomes a cylinder with elements per- 
pendicular to the plane »<8 of the indicatrix. From (109), px = 
B(ek3xk, — fk.xk3). The hyperplanes perpendicular to any direction 
in the plane of the indicatrix have w = 0 and cut the surface in the 
same locus x? — y? = 0,— except the particular one for which u:v = 
f:—e which causes (121) to vanish identically and contains all direc- 
tions on the surface. We may therefore define, if we choose, the 
directions of the x and y axes as principal directions and the orthogonal 
directions 2? — yy”? = 0 as asymptotic lines on the surface at the point 
where h = 0. 

A reference to (111) shows that h-a = 0 means A + ecos26 = 0. 
On comparison with (122) we see that the directions 6 for which 
h + ecos26 = 0 are the asymptotic directions of the intersection of 
the surface with the tangent S,_; perpendicular to h. Hence: The 
asymptotic directions on a surface are the directions in which the surface 
is cut by a tangent hyperplane perpendicular to the mean curvature vector. 
This gives added corroboration of the generalization of the Dupin 
indicatrix to the intersection of the surface and this particular S,,_;. 





47. Asecondstandard form forasurface. In the three dimen- 
sional theory the condition G = 0 is unchanged by the general linear 
transformation. This is no longer the case in higher dimensions. 
To discuss briefly projective properties of a surface we may proceed 
as follows. The general surface has the property that the tangent 
spaces S,_; which cut the surface in a double direction envelope a 
nondegenerate cone. This statement is projective and the analytic 
statement is hxpx6 ~ 0. The condition (hxpx6)? = 0 is therefore 
invariant under projection. (The condition hxpx6 = 0 is the condi- 
tion for the-existence of Segre’s characteristics, and as Segre was dis- 
cussing projective properties, the result stated is but a corollary to 
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his work.) Now (hxp*6)? is Gibbs’s invariant ®; or | & | for the dyadic 
® = hh — pp — 66 = lyyye + 4¥~Yu — YeYw. We may therefore 
write as the projective invariant 


Pd; = |® | = $(yuxyxxYi2)? = 0. 


In case 3 ¥ 0, we can find a second standard form for the develop- 
ment of a surface about a point. It has been shown that if we project 
a surface on the S3 determined by the tangent plane and a normal 
parallel to an element of Cone II, the projection has total curvature 
null. By taking an element of Cone III and two perpendicular ele- 
ments of Cone II as axes, the expansion to second order terms becomes 


2, = 4(A2? + 2Bry + Cy’), G= AC — B, 
zo = $(Aja? + 2Byry + Cy’), 0= A.C, — BY, 
23> (Ava? i 2 Boxy a Cry"), = AC? om B.?. 


We shall show that by a proper choice of the element of Cone III, 
the standard form 


2 = 3(Ax? + 2Bry + Cy*), 2 = 4D2, 23 = Ey? = (1238) 


may be found. All that is necessary to prove this is to prove that the 
two double lines obtained from z. = 0 and z3 = 0 may be made per- 
pendicular. If we set & = uh, n = ue+2f+wdA, = wB. The 
condition A = 0 becomes ¢? + 7? — #2 = 0. We have to find two 
directions u, v, w, such that 


(P+n°-&=0, +? —&=0, wwet um-r wwe = 0. 


Furthermore the double lines (€ + n)a? + (€ — n)y? + 2fxry = 0 
must be perpendicular for the two series of &, 7, ¢. Hence, if p be a 
factor, 


pf&—m=htm, e&tm=hi-m, pe=—h, 
or O12 — Sime + Fob: + fom = O, 618 + Sime + Sob — Som = 0, 
or (id + oof = 0, Fine — fom = 0. 
Let €;/€; = Z;, 0i/€; = H;; then the five equations are 


H?-—=ZY+1=0, H2-2°+1=0 &+8=0, H:—Hh=0 
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and 


2 2 4 241. A2 
ee eS ee el 


UUs + U1) V9 aa WwW) We Piaad je | 1 ~~ B | RB 
These five equations are clearly consistent, //.2 — =.? + 1 = 0, 
being redundant. The actual solution could be carried out by finding 
ff; first, then 2; and finally 2. and Js. The solution is unique 
the four apparently different solutions corresponding to changing 
the signs of u, v, w, and to interchanging the two sets. Hence (123) 
is established as a standard form. 


The value of h is 2h = (A + C)k, + Dk. + Es, and of 





® = (AC — B*)kik, + $CD(kik, + kok,) + FA (kik; + ksk:) 
+ 3DE(kek3; + ksk2). 
Here ®; = ¢B°E7D*. If we carry out the linear transformation 


’ an : ae —_ a ™ ' i ne ‘ os 
ct = ar, | Be By, a1 > ¥Y*1 + 022 TT €x3, a2 — §$<2;5 3 = 3; 


the surface takes the form 


/ i « D "9 2 j py ( y 19 , | CD 19 
— =: (=> x? + i “2 ii. y’), oP ed nl 
y a2 aB B? | ‘ 


The surface will be unaltered if the relations 
y=a8, 6= dala-—B)/D, e=CB(B—a)/E, C=, n= 


are satisfied. There then ©? transformations (124) which leave the 
surface unchanged in the neighborhood of the point O. Any of the ©? 
transtormations where 


(og tung? 3 CBB — B'Ca 
— : =a ’ _ 
. DB a ED 
fi , D’ — FE’ 


will carry the surface into one in which the five coefficients are any 
quantities 4’, B’, C’, D’, FE’. The determinant of the transformation 
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is A = a'°B'D'L’, BDE, and hence the restriction on the quantities 
is merely that no one of a, 6, B’, D’, FE’, shall vanish. We see that 
db’, ~ Oif d; ~ 0; but that &3 is not an invariant in the ordinary sense 
of projective geometry that &’; = A*bd; — no more is G in the usual 
surface theory. 


48. Surfaces of revolution. In higher dimensions the simplest 
type of rotation is that parallel to a plane, all the normals to the 
plane remaining fixed. If then x = a(s), 2; = 2zi(s), «= 1, 2,..., 


be any twisted curve of which s is the are, a surface of revolution 
x = x(s)cos6, y = x(s)siné, 2; = 2,(s) 


may be obtained by the revolution of the curve parallel to the xy- 
plane. The surface is made up of circles parallel to the plane with 
radii equal to the distance of the twisted curve from the z-space of 
n—2 dimensions. The parameters of the surface are s and 6; the 
parametric curves are orthogonal. Further 


dy = (ir’cosé + jy’sind + Dk,z,’)ds + (— ivsiné + jaxcosd)dé. 


= ir’cosé + jx’sind + Dk;z/, n= — irsiné + jaecosé, 
Pp = ir’cosd + jr’sind + Tkz/’,. q = — iv’siné + jr'coss, 
r = — ircos# — jrsiné. 
As x? + D2” = 1, we have va’x” + D2’z” = 0, and 


m-=1, mn=0, n’=2°, m-p=0, mq = J, 
mer = — v7’, nep=0, neq=2, ner=0, 


9 ) 


ay = l, ayo = 0, doo = 2, Qa 2. 


yu = D. Viv = q — vm t= QO, V22 =? + rxv'm. 


The element of are is ds? + 2°d@. It therefore appears that: The 
surface of revolution is always applicable upon a surface of revolution 
in three dimensions in which the directrix in the xry-plane is x = x(s), 
= 2(s). |The equation z = 2(s) is redundant and so is one of the 


n — 2 equations z; = 2;(s)]. 
The value of G is qer/a = — 2’'/x. The condition G = 0 for a 
developable is therefore x’ = 0 or x = qs + @ which establishes 


between the differentials the relation dx = cds or 


(1 — ¢,7)da? = ef(dz? + dz? + .. + dzn_2”), Cc, <1. 
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In case n = 3 the solution is immediate, viz. z = ma+b,aline. In 
case n > 3 we may assign to n — 3 of the variables z; any arbitrary 
values as functions of x (provided that the sum of dz? is not too large 
if we desire a real surface). For instance if we consider the case 
n = 4 and let z, = a,cosbz, 


9 
se 


(1 — ¢;? — ¢,2a,;7b*sin2bx)dx? = edz?, or (1 — ¢,?)cos*badx? = c¢;2dz2? 


if we choose ¢c,?a;2b? = (1 — ¢,?) to simplify the integration for a 
particular case. Then 


vj rr : 
—— sinbz + C = asinb: + C. 


n 
te 
| 


Ci 


The curve 2, = a,cosbx, 2 = asinbz is a circular helix about the 
axis of x in the x22. space. The four dimensional surface of revolu- 
tion is 


21 = a,cosh Vy2 + 7, Zo = aysinb Vy2 + y’, 


We see therefore that: The developables of revolution when n > 3 form 
an extended class of surfaces instead of reducing merely to the cones and 


cylinders. 
The value of h is given by 


2h = p+ (r+ xa2’m)/2”. 
If we designate icos# + jsin@ by u, a unit vector, 


p= 27ut tke’, r= —zu,y m= 2’ut rk 


and 
2h = ular” + 2?) /a + Dkj(2)”’ + v’2’/z). 


The condition h = O for a minimal surface therefore is 
av’ —1+2?=0, 2/7’ + 2’2//r = 0. 


The last equation shows that z,;’x = c;, the first that 2? = (s + 6)? 
+a’. Hence 
zi + K; 


eo , 
= cosh"!-, 1=1,2,...,n— 2, 
C; a 
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with the condition Sc? = a?. From this it follows that 


2+ ky 2. + Ko _ _ Bn-2 + Ky-2 
Cy C2 _ Ch-2 


The curve therefore lies in a plane through the x axis and some line 
in the z space; it is the common catenary and the result is: The only 
minimal surface of revolution is the ordinary catenoid.*" 

As ay = 0 and yy = 0, pxdb = 0. All surfaces of revolution are 
of the type for which the indicatrix reduces to a linear segment. Our 
lines of curvature coincide with Segre’s characteristics and both lie 
along the circles and the various directions assumed by the directrix 


in the revolution. 


49. Note on a vectorial method of treating surfaces. 
Another general method of dealing with the theory of surfaces 
upon a vector basis may be mentioned without going much into 
details. In the ordinary three dimensional case we set up the linear 
vector function ® which expresses the differential normal dn in terms 
of the displacement dr, i. e., dn = dre®. As the properties of dyadics 
® are well known many properties of the surface may be found at 
once.*® 

In the general case the tangent plane dM is connected linearly with 


the displacement dr. In fact if dr = mdu+ nd, a differentiating 
operator 
0 0 : 
V=n-M— —mM— (125) 
Ou Ov 
may be written down which is invariant under a change of parameters. 


(This is obvious since 


dr-V¥ = m-(n-M)du — — n-(m:M)dv Yn dus ° + do 
Ou Ov 





47 A geometric proof may be given as follows. Since the surface is minimum 
h = 0, and since the surface is of revolution the indicatrix reduces to a segment 
(see below). Consequently the minimum surface of revolution is one for 
which every point is axial with the center of the indicatrix (not its end) at the 
surface point. Hence the minimum surface of revolution must lie in three 
dimensions and in this case the surface is known to be a catenoid. 

48 For a brief discussion see Gibbs-Wilson, Vector Analysis, p. 411 ff. 
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which makes dr*-V = d. If desired it is possible to remove the con- 
dition that M be a unit tangent plane by writing 
V = n-Mod m-Mdo 

M’ du M? dv 





where M is mxn) We have then, in the general case where n > 3, 
dM = dr-VM = dr-A, A = VM, (126) 


where M is the unit tangent plane, to correspond to dn = dr°® in 
the particular case n = 3. 

The dyadic A, however, is one in which the antecedent vectors in 
the dyads are l-vectors and the consequent vectors are 2-vectors, 
i. e., planes, simple or otherwise,— 


A= oie _ aa. (127) 
Ou Ov 
Further 
M_dt say 
ds ds 


where t is a unit tangent l-vector in any direction. The rate of 
change of the tangent plane in the direction t is therefore t+A. 

The properties of a 1-2 dyadic such as A are not well known and 
the development of the surface theory from this point of view is there- 
fore hampered. Some points, however, are readily ascertained. First, 
there is an invariant or covariant line (1-vector) and an invariant 
space (3-vector) obtained from A by the familiar processes of insert- 
ing the signs of scalar and vector products between the elements 
of the dyadic,— thus 





Ou Ov 
(128) 
S; = (n-M) X = — (m-M) X = 
Ou Ov 
By the transformation (b°C)-A = — (C-A)b + C-(bxA), 
‘) ( \ 
Ou Ou Ov ’ Ov 


\ 
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As M? = 1, the first and third terms vanish; and as 0M/du and 
OM/dv are perpendicular to M, so must the spaces nx0M/du and 
mxdM_/dv be perpendicular to M, and the other two terms will vanish. 
Hence: The vector invariant lof the dyadic A vanishes. 

The invariant 3-vector §3 may be calculated. The work may’ be 
simplified by taking the parameter curves orthogonal with w and v 
equal to the are along these curves (except for infinitesimals) in the 
neighborhood of any preassigned point. 


Then m = &, n = Nand 


d(Exn) ye USN) 

ds 5+(n)] x ds 
[n-(§n)] & [axn + Exp] — [§-(Exn)] x [pxn +§xB] 
= Exaxyn + nxExB = — (Exn) x (2h) = — 2Mxh. 


S; = [n-(&xn)] X 


Hence: The invariant 3-vector S83 = Ay is —2 Mxh, the space of the 
tangent plane and the mean curvature, and of magnitude equal to the mean 
curvature. 

Other invariants of the dyadic 


A = E(axn + Exp) + n(pxn + §xB) 


are the dyadics A*Ac, Ac*A A:Ac, and so on, and the quantities 
obtained from them by inserting dots and crosses. For instance, 





AceA = (axn + &xp) (ax + Sxp) + (Hx + §B) (uxn + §xB), 
and T, = (Ac*A), = — 2M~x[(a — B)xp] = 4Mxpx6, 
AtAc = 2(55 + pp — hh). 
Hence — M-S; = 2h, M-°T, = 4px6, —A:A, = 20/aare the quan- 


tities, found directly from the fundamental dyadic A, which have 
been found of prime importance in the theory of surfaces.*® 





49 The line of development here followed is the inverse of that which would 
be followed in developing the surface theory from A. It is for brevity that 
we choose merely to verify that the already known quantities h, px8, and & of ! 
surface theory may be derived from A. 
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One of the first problems in discussing 1-2 dyadics of the type 
aA + bB would be the establishment of a standard form. If aandb 
be replaced by linear combinations xa’ + yb’, x’a’ + y’b’ of two 
vectors in their plane, the dyadic becomes 


A = a/(xA + 2’B) + b’(yA+ y’B) = a’A’+ b’B’, 


where A’, B’ are linear combinations of A and B. We may then 
consider that for the antecedents a’, b’ we have chosen unit normal 
vectors i, j so that A = iA+ jB. If a rotationis carried out on i, 


j, we have 
A = i/(Acosg — Bsing) +j/(Asing + Bcosg) = iA’ + j’B’. 


The condition A’: B’ = 0, i. e., the condition that the consequents be 
orthogonal is that ¢ be determined from 


tan 29 = 2A-B/(A? — B?), 


which gives four values of g spaced at right angles. Hence: We may 
reduce A to the form 


A=iA+jB, A-B=0, (129) 


and this reduction is unique (except for the indeterminateness of an 

interchange of i and j or a reversal of the sign of either). The reduc- 

tion is wholly indeterminate when ¢ is indeterminate, 1. e., when A-B 

= 0 and A? = B®. In the special reduced form (129), the directions 

i, j are along the principal directions on the surface in case we use for 

principal directions the definition 3 introduced and preferred by us.°° 
If j is chosen relative to i and M so that M = ixj, we have 


= ieAej, B= —jeAci, p= —ieAci = jeAsj. 
As ij — jiis a dyadic independent of the directions of iin M, 


2h = (ij — ji:A =a+ 8 





50 Note the correspondence with three dimensions. If we have the dyadic 
aa + bB = where dn = dred, we may reduce to the form ia + jp, 
aeB = 0, which is a reduction to the principal axes of @, and have then i, j 
along the principal directions, since ® is self-conjugate. 
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is an invariant of A, as verified above in a different way. Further 
26 = i*A+j + j-A-+i may by a rotation of i,j into i’, j’ be seen to 
describe a conic, our indicatrix. 

These brief remarks must suffice to indicate the ease and directness 
of the vector method of discussing surfaces through the use of the 
dyadic A = YM which is determined by the relation dM = dr-A, 
where V is a sort of surface differentiation built from analogy with the 
ordinary V and defined identically with it by the equation d = dr-V. 


MASSACHUSETTS INSTITUTE OF TECHNOLOGY, 
Boston, Mass., March, 1916. 





























